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Abstract. We first formulate a general scheme for the classification of 2-
compact groups in terms of maximal torus normalizer pairs. Applying this
scheme, we show that all simple 2-compact groups are N-determined. We also
compute automorphism groups in many cases. As an application we confirm
the splitting conjecture formulated by Dwyer and Wilkerson.
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CHAPTER 1
Introduction
A p-compact group, where p is a prime number, is a p-complete space BX
whose loop space X = ΩBX has finite mod p singular cohomology. If G is a Lie
group and π0(G) is a finite p-group then the p-completed classifying space of G is a
p-compact group. The Sullivan spheres (BS2n−1)∧p , n|(p−1), or, more generally, the
Clark–Ewing spaces [9] are also examples of p-compact groups. These homotopy
Lie groups were defined and explored by W.G. Dwyer and C.W. Wilkerson in a
series of papers [17, 18, 19, 16]. (Consult the survey articles [11, 33, 50, 41] for
a quick overview.) They show that any p-compact group BX has a maximal torus
BT → BX and a Weyl group acting on the maximal torus. The Borel construction
for this action is the total space BN of a fibration [17, 9.8]
BT → BN → BW
whose fibre is the maximal torus and whose base space is the classifying space of
the Weyl group. By construction the monomorphism BT → BX extends to a
monomorphism BN → BX . (Strictly speaking, BN is in general not a p-compact
group as its fundamental group may not be a finite p-group; instead, BN is an
example of an extended p-compact torus [18, 3.12].) In case G is a compact con-
nected Lie group, the maximal torus normalizers in the Lie and in the p-compact
group sense are essentially identical. The (discrete approximation to the) maximal
torus normalizer of the Sullivan sphere is the semi-direct product Z/p∞ ⋊ Z/n for
the action of the cyclic group Z/n < Z/(p − 1) = Z×p = Aut(Z/p∞) on Z/p∞.
It is a conjecture, suggested by the analogous situation for connected compact Lie
groups [10] (and some nonconnected ones [25, 26]), that BN determines BX . This
classification conjecture has actually been verified for odd primes [44, 47, 2]. For
p = 2, however, only scattered results are known.
The first obstacle for a classification of 2-compact groups in terms of their
maximal torus normalizers is, in contrast to the odd p case, that the maximal torus
normalizer does not retain information about component groups . For instance,
the nonconnected 2-compact group BO(2n) and the connected 2-compact group
BSO(2n + 1) have identical maximal torus normalizers. Thus the maximal torus
normalizer in itself is simply not a strong enough 2-compact group invariant. That
is why we replace maximal torus normalizers by maximal torus normalizer pairs.
Consider a 2-compact group BX with identity component BX0 → BX and
component group π0(X) = X/X0. Then there is a map of fibrations
BX0

BN0
Bj0oo

BX

BN
Bjoo

Bπ0(X) Bπ
∼=oo
where the top two horizontal arrows are maximal torus normalizers and the bottom
horizontal arrow is an isomorphism between π = N/N0 and the component group.
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We say that (BN,BN0)→ (BX0, BX) is a maximal torus normalizer pair for the
2-compact group BX (2.2). Accordingly, two 2-compact groups, BX and BX ′,
have the same maximal torus normalizer pair if there exists a commutative diagram
BX0

BN0
Bj0oo Bj
′
0 //

BX ′0

BX

BN
Bjoo Bj
′
//

BX ′

Bπ0(X) Bπ
∼=oo ∼= // Bπ0(X ′)
where the horizontal maps are maximal torus normalizers of 2-compact groups.
We can now give a precise formulation of the classification conjecture for 2-
compact groups. We shall say that a 2-compact group BX with maximal torus
normalizer pair (BN,BN0)→ (BX0, BX) is totally N -determined (2.11) if
(1) automorphisms of BX are determined by their restrictions to BN , and
(2) for any other connected 2-compact group BX ′ with the same maximal
torus normalizer pair as BX there exist an isomorphism Bf : BX → BX ′
and an automorphism Bα : BN → BN , inducing the identity map on ho-
motopy groups, making the diagram
BN

Bα
∼=
// BN

BX
∼=
Bf
// BX ′
commutative
We shall say that BX is uniquely N -determined if in addition the automorphisms
of BX are determined by their effect on the (two nontrivial) homotopy groups of
BN . (See Lemma 2.13 for a justification of the terminology.) The role of Bα is to
compensate for the automorphisms of BN that do not extend to automorphisms of
BX ; such automorphisms do exist when p = 2 whereas they do not occur at odd
primes.
Here is the main result of this paper. The first item confirms a conjecture from
[11, 5.1, 5.2].
Theorem 1.1. (1) Any connected 2-compact group is isomorpic to BG×
BDI(4)t for some compact connected Lie group G and some integer t ≥ 0.
(2) All connected 2-compact groups are uniquely N -determined.
(3) All LHS ( 2.27) 2-compact groups are totally N -determined.
The proof of this theorem, following the inductive principle of [18, 9.1], has two
stages. The first stage consists in the reduction of the problem to case of connected,
simple and centerless 2-compact groups. The next stage is an inductive case-by-case
checking of the simple 2-compact groups.
The classification conjecture for 2-compact groups can be reduced to the case
of connected, centerless, and simple 2-compact groups because N -determinism is
to a large extent hereditary. It turns out (Chapter 2.2) that, under certain extra
conditions, a 2-compact group with an N -determined identity component, is itself
N -determined. Also, a connected 2-compact group whose adjoint form, the quotient
by the center, is N -determined, is itself N -determined. Since any connected 2-
compact group with trivial center is a product of simple 2-compact groups [19, 48]
and products of N -determined 2-compact groups are N -determined, this reduces
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the problem to the case of a connected, simple 2-compact group with trivial center.
This is the first stage in the classification procedure.
Furthermore, any connected and centerless 2-compact group can be decomposed
into a homotopy colimit of a system of 2-compact group of smaller dimension [15]
and, under certain hypotheses (2.48, 2.51), N -determinism is hereditary also under
homotopy colimits. Thus there is a theoretical possibility of proving the classifica-
tion conjecture by induction over the dimension. This is the second stage in the
classification procedure.
In this paper we go through the classification procedure for the 2-compact
groups associated to the classical matrix Lie groups of the infinite A-, B-, C- and
D-families, for the exceptional compact Lie groups G2, F4, E6, PE7 and E8, and
for the exotic 2-compact group DI(4) from [16]. The main difficulty is to show
that the obstruction groups of 2.48 and 2.51 vanish. For this we use the computer
algebra program magma.
The main results are the theorems below (whose proofs are in Chapter 7 and
in Chapter 8).
Any connected Lie group G has an associated 2-compact group obtained as the
2-completion of the classifying space of G. We shall denote the 2-compact group
associated to G by G also. As 2-compact groups, SL(2n+1,R) and SO(2n+1), for
instance, are synonyms because their classifying spaces are homotopy equivalent.
Theorem 1.2. The simple 2-compact group PGL(n+ 1,C), n ≥ 1, is uniquely
N -determined, and its automorphism group is
Aut(PGL(n+ 1,C)) =
{
Z×\Z×2 n = 1
Z×2 n > 1
Theorem 1.3. The simple 2-compact groups PSL(2n,R), n ≥ 4, SL(2n+1,R),
n ≥ 2, and PGL(n,H), n ≥ 3, are uniquely N -determined for all n ≥ 1. Their
automorphism groups are
Aut(PSL(2n,R)) =


Z×\Z×2 × Σ3 n = 4
Z×\Z×2 × 〈c1〉 n > 4 even
Z×2 n > 4 odd
where 〈c1〉 is a group of order two, Aut(SL(2n + 1,R)) = Z×\Z×2 for n ≥ 2, and
Aut(PGL(n,H)) = Z×\Z×2 for n ≥ 3.
Theorem 1.4. [60, 1.3] The simple 2-compact group G2 is uniquely N -determined
and its automorphism group is Aut(G2) = Z
×\Z×2 × C2.
Theorem 1.5. The simple 2-compact group DI(4) is uniquely N -determined
and its automorphism group is Aut(DI(4)) = Z×\Z×2 .
Theorem 1.6. The simple 2-compact group F4 is uniquely N -determined and
its automorphism group is Aut(F4) = Z
×\Z×2 .
Theorem 1.7. The simple 2-compact groups E6, PE7 and E8 are uniquely
N -determined.
The methods are not limited to simple nor even to connected 2-compact groups.
Here are two examples of the type of consequences that can obtained for more
general 2-compact groups.
1.8. Corollary. [38, 1.9] The 2-compact group GL(n,C) is uniquely N -
determined and its automorphism group is
Aut(GL(n,C)) =
{
Z×\AutZ2Σ2(Z22) n = 2
AutZ2Σn(Z
n
2 ) n > 2
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1.9. Corollary. The 2-compact group GL(n,R) is totally N -determined for
all n ≥ 2 and its automorphism group is
Aut(GL(n,R)) =


Z×\Z×2 n ≥ 3 odd
Z×2 n = 2
Z×2 × 〈δ〉 n ≡ 2 mod 4, n > 2
Z×\Z×2 × 〈c1〉 × 〈δ〉 n ≡ 0 mod 4
where 〈δ〉 and 〈c1〉 are subgroups of order two.
Related uniqueness results can be found in the papers [49, 51, 52, 60, 59, 58]
by Dietrich Notbohm, Antonio Viruel and Alesˇ Vavpeticˇ, respectively.
CHAPTER 2
N-determined 2-compact groups
This chapter contains the fundamental definitions and the first general results.
Whereas p-compact groups are determined by their maximal torus normalizers [47,
2] when p > 2, a finer invariant is needed for 2-compact groups as there are examples
(2.3) of distinct 2-compact groups with identical maximal torus normalizers.
1. Maximal torus normalizer pairs
Let N0 → N be a maximal rank normal monomorphism between two extended
2-compact tori, meaning simply that there exists a short exact sequence [17, 3.2] of
loop spaces N0 → N → π for some finite group π. For a 2-compact group, X , let
(X,X0) be the pair consistsing of X and its identity component X0. Then there is
a short exact sequence X0 → X → π0(X) of loop spaces where π0(X) = X/X0 is a
finite 2-group, the component group of X .
2.2. Definition. If there exists a morphism of loop space short exact sequences
[18, 2.1]
N0 //
j0

N //
j

π
∼=

X0 // X // π0(X)
where j0 : N0 → X0 and j : N → X are maximal torus normalizers [17, 9.8], and
π → π0(X) an isomorphism of finite 2-groups, then we say that (N,N0) is a maxi-
mal torus normalizer pair for (X,X0).
A maximal torus normalizer pair for X determines the maximal torus T (X),
isomorphic to the identity component of N , the Weyl groups, W (X) = π0(N)
and W (X0) = π0(N0), of X and X0, the component group π0(X) = N/N0 =
W (X)/W (X0) [37, 3.8], and [18, 7.5] the center Z(X0)→ X0 of X0 [37, 18].
2.3. Example. (1) Since GL(2,R) ≀ Σn = N(SL(2n + 1,R)) ⊂ GL(2n,R) (
SL(2n+1,R), GL(2n,R) and SL(2n+1,R) (Chp 5) have the same maximal torus
normalizer. Their maximal torus normalizer pairs are distinct, however, as their
component groups are distinct.
(2) More generally [25], let G be any compact connected Lie group and N(G) its
maximal torus normalizer. If N(G) is not maximal, there exists a compact Lie
group H such that N(G) ⊆ H ( G. The two compact Lie groups, G and H , have
isomorphic maximal torus normalizers but distinct maximal torus normalizer pairs
as H is nonconnected [6].
3. The Weyl groups for SL(2n + 1,R) (Chp 5) and GL(n,H), n ≥ 3, (Chp 6) are
isomorphic as reflection groups but N(SL(2n+1,R)) is a split and N(GL(n,H)) a
nonsplit extension [10, 34] of the Weyl group by the maximal torus. Thus connected
2-compact groups can not be classified by their Weyl group alone.
2.4. The Adams–Mahmud homomorphism. For a 2-compact group (or
extended 2-compact torus [18, 3.12]) X , we let End(X) = [BX, ∗;BX, ∗] denote
the monoid of pointed homotopy classes of self-maps of BX . The automorphism
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group Aut(X) ⊆ [BX, ∗;BX, ∗] of X is the group of invertible elements in End(X)
and the outer automorphism group Out(X) = π0(X)\Aut(X) ⊆ [BX ;BX ] is the
group of conjugacy classes (free homotopy classes [18, 2.1]) of automorphisms of X .
Let X be a 2-compact group with maximal torus normalizer pair (N,N0).
Turn the maximal torus normalizer Bj : BN → BX into a fibration. Any au-
tomorphism f : X → X of the 2-compact group X restricts to an automorphism
AM(f) : N → N of the maximal torus normalizer, unique up to the action of the
Weyl group W (X0) = π1(X/N) [37, 3.8, 5.6.(1)] of the identity component X0 of
X , such that the diagram
BN
B(AM(f)) //
Bj

BN
Bj

BX
Bf
// BX
commutes up to based homotopy [44, §3]. The Adams–Mahmud homomorphism is
the resulting homomorphism
(2.5) AM: Aut(X)→W (X0)\Aut(N)
of automorphism groups.
The automorphism group of N sits [42, 5.2] in a short exact sequence (Tˇ (X) is
the discrete approximation [17, 6.5] to T (X))
(2.6) 0→ H1(W (X); Tˇ (X))→ Aut(N) pi∗−→ Aut(W (X), Tˇ (X), e(X))→ 1
where the normal subgroup to the left consists of all automorphisms of N that in-
duce the identity on homotopy groups and the group to the right consists of all pairs
(α, θ) ∈ Aut(W (X))×Aut(Tˇ (X)) such that θ is α-linear and the induced automor-
phismH2(α−1, θ) [61, 6.7.6] preserves the extension class e(X) ∈ H2(W (X); Tˇ (X)).
The image of W (X0) in Aut(N) does not intersect the subgroup H
1(W (X); Tˇ (X))
(as W (X0) is represented faithfully in Aut(Tˇ (X)) [17, 9.7]) so there is an induced
short exact sequence
(2.7)
0→ H1(W (X); Tˇ (X))→W (X0)\Aut(N) pi∗−→W (X0)\Aut(W (X), Tˇ (X), e(X))→ 1
whose middle term is the target of the Adams–Mahmud homomorphism. In partic-
ular, if X is connected, this short exact sequence
(2.8) 0→ H1(W (X); Tˇ (X))→ Out(N) pi∗−→W (X)\Aut(W (X), Tˇ (X), e(X))→ 1
has the group Out(N) =W (X)\Aut(N) of outer automorphisms of N as its middle
term. The group Aut(W (X), Tˇ (X), 0) may also be described as the normalizer
NGL(L(X))(W (X)) of W (X) in GL(L(X)) where L(X) = π2(BT (X)). This group
evidently fits into an exact sequence [40, §2]
(2.9)
1→ Z(W (X))\AutZ2W (X)(L(X))→W (X)\NGL(L(X))(W (X))→ Outtr(W (X))
where AutZ2W (X)(L(X)) = Z
×
2 if X is simple by Schur’s lemma, and Outtr(W (X))
is the group of outer automorphisms of W (X) that preserve the trace taken in
L(X).
2.10. Totally N-determined 2-compact groups. We are now ready to for-
mulate the concept ofN -determinism that will be used in this paper. The extra com-
plications compared to the odd p case [44, 7.1] stem from the fact that H1(W ; Tˇ ),
the first cohomology group of the Weyl group with coefficients in the discrete maxi-
mal torus, is trivial for any connected p-compact group when p is odd [3] but when
p = 2 it may very well be nontrivial [24].
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2.11. Definition. Let X be a 2-compact group with maximal torus normalizer
pair (N,N0)
(j,j0)−−−→ (X,X0) ( 2.2).
(1) X has N -determined (π∗(N)-determined) automorphisms if
AM: Aut(X)→W0\Aut(N)
(
π∗ ◦AM: Aut(X)→W0\Aut(W, Tˇ , e)
)
is injective.
(2) X is N -determined if, for any other 2-compact group X ′ with maximal
torus normalizer pair (N,N0)
(j′,j′0)−−−−→ (X ′, X ′0), there exist an isomorphism
f : X → X ′ and an automorphism α ∈ H1(W ; Tˇ ) ⊂W0\Aut(N) such that
the diagram
(2.12) BN
Bj

Bα
∼=
// BN
Bj′

BX
∼=
Bf
// BX ′
commutes up to based homotopy.
Furthermore, we say that
• X is totally N -determined if X has N -determined automorphisms and is
N -determined,
• X is uniquely N -determined if X is totally N -determined and X has
π∗(N)-determined automorphisms.
If X is a totally N -determined 2-compact group then
X is uniquely N -determined ⇐⇒ H1(W ; Tˇ ) ∩ Aut(X) = 0
as we see from the short exact sequence (2.7).
2.13. Lemma. Let X be a 2-compact group as in Definition 2.11.
(1) X has N -determined automorphisms if and only if for any α ∈ W0\Aut(N)
with π∗(Bα) = Id and for any 2-compact group X
′ as in 2.11.( 2) there is
at most one isomorphism f : X → X ′ such that diagram ( 2.12) commutes
up to based homotopy.
(2) X has π∗(N)-determined automorphisms if and only if for any given X
′ as
in 2.11.( 2), diagram ( 2.12) has at most one solution (f, α) with π∗(Bα) =
Id .
Proof. (1) Suppose that X has N -determined automorphisms. Let (f1, α)
and (f2, α) be two solutions to diagram (2.12) with the same α ∈ H1(W ; Tˇ ) ⊂
W (X0)\Aut(N). Then AM(f−12 f1) is the identity of W (X0)\Aut(N) and since
AM: Aut(X)→W (X0)\Aut(N) is injective, f1 = f2. For the converse, take Bα
to be the identity of BN and take X ′ to be X . Then the assumption is precisely
that AM is injective.
(2) Suppose that X has π∗(N)-determined automorphisms and let (f1, α1) and
(f2, α2) be two solutions to diagram (2.12). Then AM(f
−1
2 f1) = α
−1
2 α1 ∈ AM(Aut(X))∩
H1(W (X); Tˇ (X)) and this intersection is trivial by hypothesis. Thus AM(f−12 f1) =
1 and f2 = f1 as AM is injective. If X does not have π∗(N)-determined automor-
phisms, then AM(f) lies in H1(W (X); Tˇ (X)) ⊂W (X0)\Aut(N) for some nontriv-
ial f ∈ Aut(X) so that (f,AM(f)) and (1, 0) are two solutions to diagram (2.12)
with X ′ = X and j′ = j. 
2.14. Example. For (the 2-compact group associated to) a connected Lie group
G, the cohomology group H1(W (G); Tˇ (G)) is always an elementary abelian 2-
group [35, 1.1] (2.21). For instance, this first cohomology group has order two
for G = PGL(4,C) [34, Appendix B]. Let α be an isomorphism of N(PGL(4,C))
12 2. N-DETERMINED 2-COMPACT GROUPS
representing the nontrivial element of H1(W ; Tˇ ). The unique solution (2.13.(2)) to
diagram (2.12) is
N(PGL(4,C))
j

α // N(PGL(4,C))
j′

PGL(4,C) PGL(4,C)
when we use the morphisms j, induced by an inclusion of Lie groups, and j′ = jα
for maximal torus normalizers. This example demonstrates that, in contrast with
the p odd case [44, 7.1] [47, 2], diagram (2.12) can not always be solved with α the
identity.
2.15. Lemma. Let X be a connected 2-compact group with maximal torus nor-
malizer j : N → X and maximal torus T →֒ N j−→ X.
(1) X is N -determined if and only if for any other connected 2-compact group
X ′ with maximal torus normalizer j′ : N → X ′ there exists a morphism
f : X → X ′ such that
(2.16) BT
Bj|BT
||yy
yy
yy
yy Bj′|BT
##F
FF
FF
FF
F
BX
Bf
// BX ′
commutes up to conjugacy.
(2) X is uniquely N -determined if and only if for any other connected 2-
compact group X ′ with maximal torus normalizer Bj′ : BN → BX ′ there
exists a unique morphism Bf : BX → BX ′ such that ( 2.16) commutes up
to homotopy.
Proof. (1) Suppose that the connected 2-compact group X is N -determined
and let X ′ be another connected 2-compact group with the same maximal torus
normalizer. Then X and X ′ have the same maximal torus normalizer pair, (N,N),
and therefore diagram (2.12) admits a solution (f, α) such that π∗(Bα) is the iden-
tity. In particular, π2(Bα) is the identity of π2(BT ) which means that Bα restricts
to the identity on the identity component BT of BN .
Conversely, under the existence assumption of point (1), we shall show that
X is N -determined. Let X ′ be another 2-compact group with the same maxi-
mal torus normalizer pair as X . Since the maximal torus normalizer pair informs
about component groups (see the remarks just below 2.2), X ′ is connected. By
assumption, there exists a morphism, in fact [19, 5.6] [45, 3.11] an isomorphism,
Bf : BX → BX ′ under BT . Let Bα : BN → BN , Bα ∈ Out(N) = W\Aut(N),
be the restriction of Bf to BN [47, §3] so that
BN
Bj

Bα
∼=
// BN
Bj′

BX
∼=
Bf
// BX ′
commutes up to based homotopy as in the definition of the Adams–Mahmud ho-
momorphism (§2.4). The further restriction of Bα to the maximal torus BT agrees
with the restriction of Bf to BT , the identity of BT , up to the action of a Weyl
group element w ∈ W because W\[BT,BT ] = [BT,BX ′] [43, 3.4] [19, 3.4]. Since
π1(BN) =W is faithfully represented in π2(BT ) for the connected 2-compact group
X ′ [17, 9.7], it follows that π1(Bα) is conjugation by w. Thus Bα belongs (2.8) to
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the subgroup H1(W ; Tˇ ) of Out(N) so that (f, α) is a legitimate solution to diagram
(2.12).
(2) Suppose that X is uniquely N -determined and let X ′ be another connected
2-compact group with the same maximal torus normalizer as X . From point (1)
we already know that there exists at least one isomorphism f : X → X ′ under T .
Suppose f1, f2 : X → X ′ are two such isomorphisms under T . Then f−12 f1 is an
automorphism of X under T , i.e. π∗(BAM(f
−1
2 f1)) ∈W\Aut(W,T ) is the identity.
As π∗ ◦AM is injective, f−12 f1 is the identity of X , so f1 = f2.
Conversely, under the existence and uniqueness assumption of point (2), we shall
show that X is uniquely N -determined. By point (1), X is N -determined, so we
only need to show that π∗ ◦ AM is injective. Let f : X → X be an automorphism
of X such that π∗(BAM(f)) ∈ W\Aut(W,T ) is the identity. Since BAM(f) is
determined only up to conjugacy, we may assume that π∗(BAM(f)) is the identity
of π∗(BN). In particular, π2(BAM(f)) is the identity of π2(BT ) meaning that f is
an automorphism under T . The identity of X is also an automorphism under T ,
so f is the identity automorphism of X by the uniqueness hypothesis. This shows
that π∗ ◦AM is injective. 
2.17. Lemma. Let X be a connected 2-compact group with maximal torus nor-
malizer N → X.
(1) Out(N) = H1(W (X); Tˇ (X)) · AM(Aut(X)) if X is N -determined.
(2) Out(N) ∼= H1(W (X); Tˇ (X))⋊Aut(X) and Aut(X) ∼=W (X)\Aut(W (X), Tˇ (X), e(X))
if X is uniquely N -determined. The group Aut(W (X), Tˇ (X), e(X)) is
a subgroup of NGL(L(X))(W (X)) ( 2.9) and isomorphic to this group if
e(X) = 0.
Proof. (1) For any β ∈ Out(N) there exist an automorphism α ∈ H1(W (X); Tˇ (X)) ⊂
Out(N) and an automorphism f ∈ Aut(X) such that the diagram
BN
Bα //
Bj

BN
Bj◦Bβ

BX
Bf
// BX
commutes up to homotopy (2.11.(2)). Thus AM(f) = βα in Out(N) (§2.4).
(2) If the connected 2-compact group X is uniquely N -determined, then there is
commutative diagram
0 // H1(W (X); Tˇ (X)) // Out(N)
pi∗ // W (X)\Aut(W (X), Tˇ (X), e(X)) // 1
Aut(X)
?
AM
OO
'

55jjjjjjjjjjjjjjjj
where the top row is the short exact sequence (2.8). The composite homomorphism
π∗ ◦ AM is injectice by assumption (2.11.(1)). It is surjective since Out(N) is
generated by H1(W (X); Tˇ (X)) by item (1) of this lemma. Thus π∗ ◦ AM is an
isomorphism and AM is a splitting of the short exact sequence (2.8). 
As evidence of the conjecture that all connected 2-compact groups are uniquely
N -determined we note that all compact connected Lie groups have π∗(N)-determined
automorphisms [31, 2.5] and satisfy the above two formulas for automorphism
groups [25, 3.10].
With a view to the situation for possibly nonconnected 2-compact groups, let
Aut(N,N0) denote the subgroup of Aut(N) consissting of all automorphism φ ∈
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Aut(N) such that π0(φ) takes π0(N0) to itself inducing an isomorphism
π0(N0) //
∼=

π0(N)
pi0(φ)∼=

// π
∼=

π0(N0) // π0(N) // π
of short exact sequences. Since H1(W ; Tˇ ) is contained in Aut(N,N0), there are
short exact sequences similar to (2.6) and (2.7) except that Aut(W, Tˇ , e) has been
replaced by its subgroup Aut(Tˇ ,W,W0, e) of all (α, θ) ∈ Aut(W, Tˇ , e) for which
α(W0) =W0. (If N = N0, then Aut(N) = Aut(N,N0).) Observe that the Adams–
Mahmud homomorphism for a nonconnected 2-compact group actually takes values
in the subgroup W (X0)\Aut(N,N0) of W (X0)\Aut(N).
2.18. Lemma. Let X be a 2-compact group with maximal torus normalizer pair
(N,N0)→ (X,X0).
(1) W (X0)\Aut(N,N0) = H1(W (X); Tˇ (X))·AM(Aut(X)) if X is N -determined.
(2) W (X0)\Aut(N,N0) ∼= H1(W (X); Tˇ (X))⋊H1(pi0(X);Zˇ(X0))Aut(X) if X is
totally N -determined.
Proof. The first item is proved like the first item in 2.17. The claim of the
second item is that
H1(π0(X); Zˇ(X0))

  // Aut(X) _
AM

H1(W (X); Tˇ (X))
  // W (X0)\Aut(N,N0)
is a push-out diagram. This is proved in 2.37 (allowing ourselves to refer ahead!). 
2.19. Remark. When the 2-compact group X has N -determined automor-
phisms, also the unbased Adams–Mahmud homomorphism
Out(X) = π0(X)\Aut(X)→ Out(N) = π0(N)\Aut(N) = π0(X)\W (X0)\Aut(N)
is injective.
2.20. Regular 2-compact groups. For a connected 2-compact groupX with
maximal torus T → X and Weyl group W , let
(2.20) θ = θ(X) : Hom(W, TˇW ) = H1(W ; TˇW )→ H1(W ; Tˇ )
be the homomorphism induced by the inclusion TˇW →֒ Tˇ . Following [24, 5.3] we
say that X is regular if (2.20) is surjective. See [35] for a thorough investigation of
θ.
2.21. Lemma. [35] Let X be the connected 2-compact group associated to a
connected Lie group. Assume that X contains no direct factors isomorphic to an
odd orthogonal group SO(2n + 1), n ≥ 1. Consider the homomorphism θ = θ(X)
( 2.20) associated to X.
(1) Hom(W, TˇW ) and H1(W ; Tˇ ) are F2-vector spaces, and the kernel of θ,
consisting of those homomorphisms W → TˇW that are principal crossed
homomorphisms W → Tˇ , is an F2-vector space of dimension equal to the
number of direct factors of PX isomorphic to SO(2n+ 1), n ≥ 1.
(2) Suppose that the projective group PX contains no direct factors isomorphic
to an odd orthogonal group SO(2n+ 1), n ≥ 1, PSU(4), PSp(3), PSp(4),
or PS0(8). Then X is regular.
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Proof. (1) Hom(W, Tˇ ) and its subgroup Hom(W, TˇW ) are elementary abelian
2-groups since the abelianization Wab of W is an elementary abelian 2-group of
finite rank. The cohomology group H1(W ; Tˇ ) is isomorphic to H2(W ;L ⊗ Z2)
where L is the fundamental group of the Lie group maximal torus of the Lie group
underlying the 2-compact group X . Homological algebra shows that H2(W ;L ⊗
Z2) ∼= H2(W ;L) ⊗ Z2 where H2(W ;L) is an elementary abelian 2-group by [35,
1.1]. The injection TˇW → Tˇ of W -modules gives a coefficient group long exact
sequence
0→ (Tˇ /TˇW )W → Hom(W, TˇW ) θ−→ H1(W ; Tˇ )→ H1(W ; Tˇ /TˇW )→ H2(W ; TˇW )→ · · ·
in cohomology. Thus the kernel of θ is isomorphic to
(
Tˇ /TˇW
)W
in general. If X
is without direct factors isomorphic to SO(2n + 1), then TˇW is the center of X ,
Tˇ /TˇW is the maximal torus of the adjoint 2-compact group PX , and
(
Tˇ /TˇW
)W
is
isomorphic to (Z/2)s where s is the number of direct factors isomorphic to an odd
special orthogonal group in the adjoint 2-compact group PX [35, 1.6] [37, 4.6, 4.7].
(See 2.25 for the general case.)
(2) The discrete maximal torus of PX = X/Z(X) is Tˇ (PX) = Tˇ /TˇW for Zˇ(X) =
TˇW asX contains no direct factors isomorphic to an odd orthogonal group. The pro-
jective group PX =
∏
Gi splits as a product of simple and centerfree compact Lie
groupsGi all of which satisfy Tˇ
W (Gi) = 0 since they are not odd orthogonal groups.
Therefore H1(W ; Tˇ /TˇW ) = H1(
∏
W (Gi);
∏
Tˇ (Gi)) =
∏
H1(W (Gi); Tˇ (Gi)) and
these cohomology groups are trivial except in the excluded cases [24]. By the above
exact sequence, θ is surjective. 
For a compact connected Lie groupX , let s(X) denote the number of direct fac-
tors of X isomorphic to SO(2n+1) with n ≥ 1. (Keep the low degree identifications
(9.25) in mind.)
2.22. Lemma. Let X be a compact connected Lie group and PX its adjoint
form. The kernel of θ(X) : H1(W ; Zˇ)(X)→ H1(W ; Tˇ )(X) is an F2-vector space of
dimension s(PX)− s(X).
Proof. In the exact sequence
0→ Zˇ → TˇW → (Tˇ /Zˇ)W → H1(W ; Zˇ)→ H1(W ; Tˇ )
induced from the inclusion Zˇ → Tˇ of W -modules, the fixed point groups TˇW =
Zˇ(X)× 2s(X) and (Tˇ /Zˇ)W = Zˇ(X/Z)× 2s(X/Z) = 2s(X/Z) [35, 1.6]. 
2.23. Lemma. Let X be a connected 2-compact group with maximal torus T →
X and Weyl group W , and let Z → T → X be a central monomorphism. If X is
regular and H2(W ; Zˇ)→ H2(W ; Tˇ ) is injective, then the quotient 2-compact group
X/Z is regular.
Proof. Since the hypothesis implies that H1(W ; Tˇ )→ H1(W ; Tˇ /Zˇ) is surjec-
tive, the claim follows from the commutative square
Hom(W, TˇW )
θ(X)

// Hom(W, (Tˇ /Zˇ)W )
θ(X/Z)

H1(W ; Tˇ ) // // H1(W ; Tˇ /Zˇ)
induced by the projection Tˇ → Tˇ /Zˇ of W -modules [37, 4.6]. 
2.24. Example. (1) GL(m,C) is regular for all m ≥ 1. For m = 1, this is
obvious. For m > 2, the restriction homomorphism (Sˇ = Z/2∞)
Hom(Σm, Sˇ) = H
1(Σm; Sˇ)
res=θ(GL(m,C))−−−−−−−−−−−→ H1(Σm; Sˇm) Shapiro= H1(Σm−1; Sˇ) = Hom(Σm−1, Sˇ)
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is bijective and for m = 2 it is surjective. It now follows [24, 5.7] that all products∏
GL(mj ,C) are regular.
(2) PGL(m,C), 2 ≤ m, is regular for m 6= 4 since (2.23)
Hom(H2(Σm), Sˇ) = H
2(Σm; Sˇ)
res−−→ H2(Σm; Sˇm) Shapiro= H2(Σm−1; Sˇ) = Hom(H2(Σm−1), Sˇ)
is then an isomorphism. The 2-compact group PGL(4,C) is not regular asH1(W ; Tˇ ) =
Z/2 is nontrivial while the discrete center TˇW is trivial.
2.25. Remark. If X = SO(2n + 1), n ≥ 1, then TˇW = Z/2, Wab is Z/2 for
n = 1 and (Z/2)2 for n ≥ 2, θ : Hom(W, TˇW )→ H1(W ; Tˇ ) is surjective [24, 5.5],
and H1(W ; Tˇ ) is trivial for n = 1, Z/2 for n = 2, and (Z/2)2 for n > 2 [24, Main
Theorem, 5.5]. Thus the kernel of θ is
(
Tˇ /TˇW
)W
=
{
Z/2 n = 1, 2
0 n > 2
In general, write the connected Lie group X = X1×X2 where X1 is the product of
all direct factors of X isomorphic to SO(2n+ 1) for some n ≥ 1 and X2 is without
such direct factors. Then(
Tˇ /TˇW
)W
=
(
Tˇ1/Tˇ
W1
1
)W1 × (Tˇ2/TˇW22 )W2 = (Z/2)s≤2(X) × (Z/2)s(PX2)
where s≤2(X) is the number of direct factors of X isomorphic to SO(3) or SO(5)
and s(PX2) is the number of direct factors of PX2 isomorphic to SO(2n + 1) for
some n ≥ 1.
2.26. LHS 2-compact groups. LetN0 → N be maximal rank normal monomor-
phism between two extended 2-compact tori, i.e. a commutative diagram with rows
and columns that are short exact sequences of loop spaces [17, 3.2]
T

T //

{1}

N0

// N

// W/W0
W0 // W // W/W0
where T is a 2-compact torus and W0 = π0(N0) a normal subgroup of the finite
group W = π0(N). The 5-term exact sequence
0→ H1(W/W0; TˇW0) inf−−→ H1(W ; Tˇ ) res−−→ H1(W0; Tˇ )W/W0 d2−→ H2(W/W0; TˇW0) inf−−→ H2(W ; Tˇ )
is part of the Lyndon–Hochschild–Serre spectral sequence [27] converging toH∗(W ; Tˇ ).
2.27. Definition. A 2-compact group with maximal torus normalizer pair
(N,N0) is LHS if the restriction homomorphism res: H
1(W ; Tˇ )→ H1(W0; Tˇ )W/W0
is surjective.
ThusX is LHS if and only if the initial segment of the Lyndon–Hochschild–Serre
spectral sequence
0→ H1(W/W0; TˇW0) inf−−→ H1(W ; Tˇ ) res−−→ H1(W0; Tˇ )W/W0 → 0
is exact. If TˇW0 = 0 or W =W0 ×W/W0 is a direct product, then X is LHS. Note
that the Weyl group of a compact Lie group G is always the semi-direct product
W (G) =W (G0)⋊ π0(G) for the action of the component group π0(G) on the Weyl
groupW (G0) of the identity component [25, §2.5]. (In fact, It is not so easy to find
a nonconnected compact Lie group G for which the extension G0 → G→ G/G0 = π
is nonsplit [26].)
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2.28. Lemma. Let W = W (X) be the Weyl group of the 2-compact group X,
W0 = W (X0) the Weyl group of the identity component, and π = W/W0 the com-
ponent group [37, 3.8] of X. If W =W0 ⋊ π is a semi-direct product and
θ(X0)
pi : Hom(W0, Tˇ
W0)pi → H1(W0; Tˇ )pi
is surjective, then X is LHS.
Proof. Assume that the group G = H ⋊ Q is the semi-direct product for a
group action Q → Aut(H), and let A be a G-module. We show that the image
of the restriction homomorphism res : H1(G;A)→ H1(H ;A)Q contains the image
of θQ : Hom(H,AH)Q → H1(H ;A)Q. Let φ ∈ Hom(H,AH)Q be a Q-equivariant
homomorphism of H into the fixed point module AH . Then θ(φ) ∈ H1(H ;A)Q is
the cohomology class represented by the crossed homomorphism φ : H → AH ⊂ A.
If we define φ : H ⋊Q→ A by φ(nq) = φ(n), n ∈ H , q ∈ Q, then
φ(n1q1n2q2) = φ(n1(q1n2q
−1
1 )q1q2) = φ(n1(q1·n2)q1q2) def= φ(n1(q1·n2)) = φ(n1)+φ(q1·n2)
= φ(n1) + q1φ(n2)
and also
φ(n1q1) + n1q1φ(n2q2)
def
= φ(n1) + n1q1φ(n2) = φ(n1) + q1φ(n2)
as q1φ(n2) ∈ AH . This shows that the crossed homomorphism φ defined on H
extends to a crossed homomorphism φ defined on G = H⋊Q. (I do not know if the
LHS spectral sequence differential d2 : H
1(H ;A)Q → H2(Q;AH) is always trivial
for a semi-direct product H ⋊Q of finite groups.) 
The next example demonstrates that condition 2.28 is not necessary.
2.29. Example. (1) X = PGL(6,R) = PSL(6,R) ⋊ C2 does not satisfy the
condition of 2.28 for H1(W0; Tˇ ) = Z/2 [24, Main Theorem] while Tˇ
W0 = Zˇ(X0) =
0. Nevertheless, X is LHS because also H1(W ; Tˇ ) = Z/2 (computer computation).
(2) X = PGL(8,R) = PSL(8,R) ⋊ C2 does not satisfy the condition of 2.28 for
H1(W0; Tˇ ) = Z/2⊕Z/2 [24, Main Theorem] while TˇW0 = Zˇ(X0) = 0. Nevertheless,
X is LHS because H1(W ; Tˇ ) = Z/2 and the outer automorphism group C2 acts
nontrivially on H1(W0; Tˇ ) (computer computation).
(3) When X0 = SL(2,C), the Weyl group W0 = Σ2 has order two, the center Zˇ =
TˇW0 also has order two, and H1(W0; Tˇ ) = 0 is trivial, so the homomorphism θ(X0)
is trivial as well, of course. Indeed, the nontrivial homomorphism W0 → Zˇ ⊂ Tˇ
is the principal crossed homomorphism corresponding to the element diag(i,−i) of
the maximal torus. More generally, the direct product Xr0 = SL(2,C)
r is regular
[24, 5.7], has Weyl group W r0 , center Zˇ
r, and 2.21.(1) identifies the kernel of θ(X0)
enabling us to conclude that
(2.30) H1(W ; Tˇ )(Xr0 ) =
Hom(W r0 , Zˇ
r)
Hom(W0, Zˇ)r
is an F2-vector space of dimension r
2 − r as in [24, 5.8]. Let X = X0 ⋊ C2 be the
semi-direct product for the nontrivial outer automorphism of X0. The component
group Cr2 of X
r acts trivially on (2.30) and as H1(W ; Tˇ )(Xr) has dimension 2r2−r
(by induction) and H1(Cr2 ; Zˇ
r) dimension r2, the direct product Xr is LHS for all
r ≥ 1.
(4) When X = SL(4,R), the Weyl group W = 〈σ, c1c2〉 = Z/2×Z/2 is elementary
abelian generated by σ =
(
0 E
E 0
)
and c1c2 = diag(−1, 1,−1, 1). The center Zˇ =
TˇW = 〈diag(−1,−1,−1,−1)〉 = Z/2 has order 2, and the first cohomology group
H1(W ; Tˇ ) = 0 is trivial, so the homomorphism θ : Hom(W ; TˇW )→ H1(W ; Tˇ ) is
also trivial, of course. Indeed, the principal homomorphism ϕ(w) = (w·t)·t−1 : W →
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Tˇ , is the first coordinate functionW → Zˇ(X) when t = diag(−E,E) and the second
coordinate function when t = diag(I, I). The outer automorphism, conjugation with
D = diag(−1, 1, 1, 1) ∈ GL(4,R), sends σ to σD = σ(c1c2) and c1c2 to itself.
More generally, whenXr is a product of r copies of SL(4,R), theWeyl groupW r
is a product of r copies W =W (SL(4,R)) = Z/2×Z/2, the center Zˇ(X) = Zˇr is a
product of r copies of Zˇ = Zˇ(SL(4,R)) = Z/2 and as θ : Hom(W r, Zˇr)→ H1(W ; Tˇ )(Xr)
is surjective [24, 5.5, 5.7], the first cohomology group
H1(W ; Tˇ )(Xr) =
Hom(W r, Zˇr)
Hom(W, Zˇ)r
has dimension 2r2 − 2r over F2 (2.21). The component group π0(GL(4,R)r) = Cr2
acts on this F2-vector space such that the space of fixed vectors has dimension
r2 − r. By induction we see that H1(W ; Tˇ )(GL(4,R)r) is an F2-vector space of
dimension 2r2−r and clearly H1(Cr2 ; Zˇr) has dimension r2. Thus GL(4,R)r is LHS
for all r ≥ 1.
(5) The homomorphisms θ is surjective for SL(2n,R) for all n ≥ 1 [24, Main The-
orem, 5.4] and H1(W ; Tˇ )(SL(2n,R)) = 0 for n = 1, 2 and H1(W ; Tˇ )(SL(2n,R)) =
Z/2 for n ≥ 3. Hence GL(2n,R) is LHS for all n ≥ 1 by 2.28.
I do not know any examples of 2-compact groups that are not LHS.
The coefficient group short exact sequence 0→ L→ L⊗Q→ Tˇ → 0 gives the
exact sequence
0→ H0(W ;L)→ H0(W ;L⊗Q)→ H0(W ; Tˇ )→ H1(W ;L)→ 0
form which we see that
(2.31) Hi(W ; Tˇ ) =
{
H0(W ;L⊗Q)/H0(W ;L)⊕H1(W ;L) i = 0
Hi+1(W ;L) i > 0
2.32. The center of the maximal torus normalizer. We need criteria
to ensure that the center of the 2-compact group X agrees with the center of its
maximal torus normalizer. (This is automatic when p > 2 [44, 3.4] but not when
p = 2 [18, §7].)
2.33. Proposition. Let X be a 2-compact group with identity component X0.
If Z(X0) = Z(N(X0)) and X0 has N -determined automorphisms, then Z(X) =
Z(N(X)).
Proof. This is proved in [47, 4.12] for p-compact groups where p is odd. If we
replace the assumption that p is odd by the assumption that Z(X0) = Z(N(X0))
(which always holds when p > 2 [18, 7.1]), then the same proof works also for
2-compact groups. 
Assume now that X is a connected 2-compact group. Then Zˇ(N(X)) =
Tˇ (X)
W (X)
and there is an injection Zˇ(X) →֒ Zˇ(N(X)) which is not necessarily
an isomorphism [18, §7].
Inspection shows that Z(G) = ZN(G) for any simply connected compact Lie
group G; see [13, 1.4] for a conceptual proof of this fact. In fact, Z(G) = ZN(G)
for any connected compact Lie group G containing no direct factors isomorphic to
SO(2n+ 1) [35, 1.6].
Let Z → N(X) be a central monomorphism such that also the composition Z →
N(X)→ X is central. Under these assumptions, the quotient loop spaces N(X)/Z
and X/Z can be defined [18, 2.8]. The action map [17, 8.6] BZ × BN(X) →
BN(X) induces an action [BN(X), BZ]×Out(N(X))→ Out(N(X)) of the group
[BN(X), BZ] ∼= H1(Nˇ(X); Zˇ) on the set Out(N(X)). Let [BN(X), BZ](1) denote
the isotropy subgroup at (1) ∈ Out(N(X)).
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2.34. Lemma. If Z(X) = Z(N(X)) and [BN(X), BZ](1) = 0, then Z(X/Z) =
ZN(X/Z).
Proof. Using [37, 4.6.4], the assumption of the lemma, and [47, 5.11], we get
Z(X/Z) = Z(X)/Z = Z(N(X))/Z = Z(N(X)/Z) = ZN(X/Z). 
2. Reduction to the connected, centerless (simple) case
In this section we reduce the general classification problem first to the connected
case and next to the connected and centerless case. We first show (2.35, 2.40) that
if X is any nonconnected 2-compact group with identity component X0 then
X0 is uniquely N -determined
X is LHS
Hi(W/W0; Zˇ(X0))→ Hi(W/W0; TˇW0) is injective for i = 1, 2

 =⇒ X is totally N -determined
The Hi-injectivity conditions holds when X0 is a connected Lie group [35, 1.6] or
equals DI(4) [16, 52]. To see this observe that the condition obviously holds when
Zˇ(X0) = Tˇ (X0)
W0 or Zˇ(X0) is trivial. We shall later see that any connected 2-
compact group splits as a product of a compact connected Lie group and a finite
number of DI(4), and from this it follows that this condition is always satisfied.
Indeed, let X0 = G
′ × G′′ × DI(4)s where G′ is a connected compact Lie group
with no direct factors isomorphic to SO(2n+1), G′′ is a direct product of SO(2n+
1)s, and s ≥ 0. The π0(X)-equivariant group homomorphism Zˇ(G′) = Zˇ(X0) →
Tˇ (G′)W (G
′) × Tˇ (G′′)W (G′′) has a left inverse since it takes Zˇ(G′) isomorphically to
the π0(X)-subgroup {1} × Tˇ (G′′)W (G′′) of the left hand side. The induced map on
cohomology therefore also has a left inverse. However, it is not at present clear if
all nonconnected 2-compact groups are LHS.
Next we consider a connected 2-compact group X with adjoint form PX =
X/Z(X) [18, 2.8] and show (2.38, 2.42) that
PX is uniquely N -determined =⇒ X is uniquely N -determined
This reduces in principle the problem to the connected and centerless case. One can
go a little further since connected, centerless 2-compact groups split into products
of simple factors [19, 48]. We show (2.39, 2.43) that
X1 and X2 are uniquely N -determined =⇒ X1 ×X2 is uniquely N -determined
when X1 and X2 are connected. Therefore it suffices to show that all connected,
centerless and simple 2-compact groups are uniquely N -determined. It is already
known that all connected compact Lie groups as well as DI(4) have π∗(N)-determined
automorphisms [31, 52].
Let X be a 2-compact group with maximal torus normalizer pair (N,N0)(X) =
(N,N0).
2.35. Lemma. [44, 4.2] Suppose that X0 has N -determined automorphisms.
Then
X has N -determined automorphisms ⇐⇒ H1(W/W0; Zˇ(X0))→ H1(W/W0; TˇW0) is injective
Proof. The restriction of AM to the subgroup H1(W/W0; Zˇ(X0)) ⊂ Aut(X)
is the homomorphism
(2.36) H1(W/W0; Zˇ(X0))→ H1(W/W0; TˇW0) inf−−→ H1(W ; Tˇ )
where inf is the inflation monomorphism. If the first homomorphism has a nontrivial
kernel, X does not have N -determined automorphisms. Conversely, assume that
the first homomorphism is injective, and let f ∈ Aut(X) be an automorphism such
that AM(f) ∈ W0\Aut(N) is the identity. Then AM(f0) ∈ W0\Aut(N0) and π0(f)
equal the respective identity maps. Since X0 has N -determined automorphisms by
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assumption, f0 is the identity. Thus f belongs to the subgroup H
1(W/W0; Zˇ(X0))
of Aut(X) [42, 5.2] where AM is injective, so f is the identity automorphism of X .
(The description of the kernel in the short exact sequence of [42, 5.2] holds for all p-
compact groups, not just those with a completely reducible identity component.) 
2.37. Lemma. Suppose that X has N -determined automorphisms and that X0
has π∗(N)-determined automorphisms. Then Aut(X)∩H1(W ; Tˇ ) = H1(W/W0; Zˇ(X0))
so that
X has π∗(N)-determined automorphisms ⇐⇒ H1(W/W0; Zˇ(X0)) = 0
Proof. Let f ∈ Aut(X) be an automorphism such that π∗AM(f) is the iden-
tity. Then also π∗ AM(f0) and π0(f) equal the respective identity maps. Since X0
is assumed to have π∗(N)-determined automorphisms, f0 is the identity. Thus f
belongs to the subgroup H1(W/W0; Zˇ(X0)) of Aut(X) [42, 5.2]. This shows that
Aut(X) ∩ H1(W ; Tˇ ) ⊂ H1(W/W0; Zˇ(X0)). The opposite inclusion is immediate
from (2.36). 
2.38. Lemma. [44, 4.8] Suppose that X is connected. If the adjoint form PX =
X/Z(X) has π∗(N)-determined automorphisms, so does X.
Proof. If f ∈ Aut(X) is an automorphism under T (X), the induced auto-
morphism Pf ∈ Aut(PX) is an automorphism under T (PX), hence equals the
identity, and the induced automorphism Z(f) ∈ Aut(ZX) is also the identity since
the center ZX → X factors through the maximal torus T (X) → X [18, 7.5] [37,
4.3]. But then f itself is the identity for Aut(X) embeds into Aut(PX)×Aut(ZX)
[43, 4.3]. 
2.39. Lemma. [47, 9.4] If the two connected 2-compact groups X1 and X2 have
N -determined (resp. π∗(N)-determined) automorphisms, so does the product X1 ×
X2.
Proof. Since the statement concerningN -determined automorphisms is proved
in [47, 9.4] we deal here only with the case of π∗(N)-determined automorphisms.
Let f be an automorphism under T1×T2 of the product 2-compact group X1×X2.
Then
f1 : X1 → X1 ×X2 f−→ X1 ×X2 → X1
f2 : X2 → X1 ×X2 f−→ X1 ×X2 → X2
are endomorphisms under the maximal tori and therefore conjugate to the respective
identity maps. But f is [47, 9.3] in fact conjugate to the product morphism (f1, f2)
which is the identity. 
2.40. Lemma. (Cf [44, 7.8]) Suppose that
(1) X0 is uniquely N -determined.
(2) X is LHS.
(3) H2
(
W/W0, Zˇ(X0)
)→ H2(W/W0, TˇW0) is injective.
Then X is N -determined.
Proof. Let X ′ be another 2-compact group with maximal torus normalizer
pair (N,N0). The assumption on the identity component X0 means (2.15) that
there exists an isomorphism f0 : X0 → X ′0 under T . For any ξ ∈ W/W0 = N/N0 =
X/X0 = X
′/X ′0, the isomorphism ξf0ξ
−1 is also an isomorphism under T and thus
ξf0 = f0ξ as X0 is uniquely N -determined. By the second assumption, the auto-
morphism α0 = AM(f0) : N0 → N0 with π∗(Bα0) = Id extends to an isomorphism
α : N → N with π∗(Bα) = Id.
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The situation is now as shown in the commutative diagram
BX0

Bf0
**
BN0

Bj0
oo
Bα0
// BN0

Bj′0
// BX ′0

BX

BN

Bjoo Bα // BN

Bj′ // BX ′

Bπ0(X) B(W/W0)
∼=oo B(W/W0)
∼= // Bπ0(X ′)
Our aim is to find an isomorphism f : X → X ′ to fill in the based homotopy
commutative diagram
BX0

Bf0
∼=
// BX ′0

BX //

BX ′

Bπ0(X) ∼=
// Bπ0(X ′)
where the isomorphism between the base 2-compact groups is given by the isomor-
phisms π0(X) ← N/N0 → π0(X ′). Since f0 is π0(X)-equivariant up to homotopy,
map(BX0, BX
′
0)Bf0 is a π0(X)-space in the sense that there exists a fibration
map(BX0, BX
′
0;Bf0)→ map(BX0, BX ′0;Bf0)hpi0(X) → Bπ0(X)
over Bπ0(X) with map(BX0, BX
′
0)Bf0 , here written as map(BX0, BX
′
0;Bf0), as
fibre. The space of sections of this fibration, map(BX0, BX
′
0)
hpi0(X)
Bf0
, is a space of
fibre maps of BX to BX ′. This fibration sits to the left in the commutative diagram
map(BX0, BX
′
0;Bf0) //

map(BN0, BX
′
0;B(j
′
0α))

map(BN0, BN0;Bα0)

≃oo
map(BX0, BX
′
0;Bf0)hpi0(X) //

map(BN0, BX
′
0;B(j
′
0α))h(W/W0)

map(BN0, BN0;Bα0)h(W/W0)

oo
Bπ0(X) B(W/W0)oo B(W/W0)
where the columns are fibrations and the horizontal maps are defined as composition
with Bj and Bj′, respectively. The fibre map from the right column to the central
one is actually a fibre homotopy equivalence because the centralizer of the maximal
torus in X ′0 and in N0 are isomorphic in that they are both isomorphic to the
maximal torus.
The middle fibration admits a section corresponding to the fibrewise map Bj′ ◦
Bα. But then the left fibration also admits a section: The obstruction to a sec-
tion of the left fibration is a cohomology class in H2(π0(X); Zˇ(X0)). Since the
middle fibration does admit a section, this obstruction class is in the kernel of the
coefficient group homomorphism H2(π0(X); Zˇ(X0)) → H2
(
W/W0, Tˇ
W0
)
. But the
assumption is that this is an injection and therefore the obstruction must vanish.
(We are here tacitly replacing the three fibrations above by their fibrewise discrete
approximations [42, 4.3].)
A section of the left fibration corresponds to a morphism Bf : BX → BX ′
under the isomorphism Bf0 : BX0 → BX ′0 and over Bπ0(X)
∼=−→ Bπ0(X ′) such that
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Bf ◦Bj and Bj ◦Bα are homotopic over B(N/N0)→ Bπ0(X ′). But since the fibre
BX ′0 of BX
′ → Bπ0(X ′) is simply connected this means that Bf ◦Bj and Bj ◦Bα
are based homotopic maps BN → BX ′. 
2.41. Example. 1. Any 2-compact torus T is uniquely N -determined for if
j : T → X is the maximal torus normalizer for the connected 2-compact group X ,
then j is an isomorphism. Indeed, H∗(BT ;Q2) ∼= H∗(BX ;Q2) [17, 9.7.(3)] and
the connected space X/T has cohomological dimension cdF2(X/T ) = 0 [18, 4.5,
5.6] so is a point.
2. Any 2-compact toral groupG is totallyN -determined: G clearly hasN -determined
automorphisms as G is its own maximal torus normalizer. If the 2-compact group
X has the same maximal torus normalizer pair (G, T ) as G, then X is a 2-compact
toral group and j′ : G→ X is an isomorphism. G is uniquely N -determined if and
only if H1(π0(G); Tˇ ) = 0. In particular, GL(2,R) is uniquely N -determined.
2.42. Lemma. (Cf [44, 7.10]) Suppose that X is connected. If the adjoint form
PX = X/Z(X) is N -determined, so is X.
Proof. Let j : N → X be the maximal torus normalizer for X and j′ : N → X ′
the maximal torus normalizer for some other connected 2-compact group X ′. It
suffices (2.15) to find a morphism f : X → X ′ under the maximal toriX i←− T i
′
−→ X ′.
The 2-discrete center Zˇ of X and X ′ is contained in the the 2-discrete maximal
torus Tˇ [18, 7.5]. Factoring out [17, 8.3] these central monomorphisms we obtain
the commutative diagram
BXˇ

BTˇ
Bioo Bi
′
//

BXˇ ′

B(X/Z)
B(f/Z)
44
B(T/Z)
B(i/Z)oo B(i
′/Z) // B(X ′/Z)
where the vertical maps are fibrations with fibre BZˇ, the total spaces, such as
BXˇ, are the fibre-wise discrete approximations, and f/Z : X/Z → X ′/Z is the iso-
morphism under T/Z that exists because X/Z is N -determined. Construct the
fibration
map(BZˇ,BZˇ;B1)→ BZˇh(X/Z) → B(X/Z)
whose sections are maps BX → BX ′ over B(f/Z) and under BZˇ. There are two
other such fibrations related to this one as shown in the commutative diagram
map(BZˇ,BZˇ;B1)

map(BZˇ,BZˇ;B1)

map(BZˇ,BZˇ;B1)

BZˇh(X/Z)

BZˇh(T/Z)

oo Bi
∗
// BZˇh(T/Z)

B(X/Z) B(T/Z)
B(i/Z)
oo B(T/Z)
where the middle fibration is the pull-back along B(i/Z) of the left fibration and
the fibre over b ∈ B(T/Z) of the right fibration consists of one component of the
space of maps of the fibre BTˇb over b into the fibre BXˇ
′
B(i′/Z)(b) over B(i
′/Z)(b).
The fibre equivalence Bi∗ is induced by Bi : BTˇ → BXˇ . The middle fibration has
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a section u′ such that Bi∗ ◦ u′ is the section Bi′ : BTˇ → BXˇ ′ of the right fibration.
We now have fibre maps
X/T

u|X/T // BZˇ

BTˇ
B(i/Z) $$H
HH
HH
HH
HH
// BZˇh(X/Z)
yyrrr
rr
rr
rr
r
B(X/Z)
where u is the composition of u′ and BZˇh(T/Z) → BZˇh(X/Z). The canonical map,
given by constants, BZˇ → map(X/T,BZˇ) is a homotopy equivalence since X/T is
simply connected [37, 5.6] and hence a version [44, 6.6] of the Zabrodsky lemma
implies that u = v ◦ B(i/Z) for some section v : B(X/Z)→ BZˇh(X/Z) of the left
fibration. The section v is, after fibre-wise completion, a fibre map BX → BX ′
under BT . 
Let j1 : N1 → X1 and j2 : N2 → X2 be maximal torus normalizers for the con-
nected 2-compact groups X1 and X2 and suppose that X
′ is some connected 2-
compact group that admits a maximal torus normalizer of the form j′ : N1 ×N2 → X ′.
The Splitting Theorem [19, 1.4], or more explicitly in the form of [48, 5.5], says
that there exist 2-compact groups X ′1 and X
′
2 and an isomorphism X
′
1 ×X ′2 → X ′
such that
BN1 ×BN2
Bj′1×Bj
′
2
vvnnn
nn
nn
nn
nn
n
Bj′
&&LL
LL
LL
LL
LL
L
BX ′1 ×BX ′2 ≃ // BX ′
commutes where j′1 : N1 → X ′1 and j′2 : N2 → X ′2 are maximal torus normalizers.
The following lemma is an immediate consequence
2.43. Lemma. The product of two N -determined connected 2-compact groups is
N -determined.
Proof. SinceX1,X2 areN -determined there exist isomorphisms f1 : X1 → X ′1,
f2 : X2 → X ′2 and automorphisms α1 ∈ H1(W1; Tˇ1) ⊂ Out(N1), α2 ∈ H1(W2; Tˇ2) ⊂
Out(N2) such that
BN1 ×BN2
Bj1×Bj2

Bα1×Bα2 // BN1 ×BN2
Bj′1×Bj
′
2

Bj′
((QQ
QQ
QQ
QQ
QQ
QQ
Q
BX1 ×BX2
Bf1×Bf2
// BX ′1 ×BX ′2 ≃ // BX ′
commutes up to based homotopy. 
3. N-determined connected, centerless 2-compact groups
In this section we formulate inductive criteria that, at least in favorable cases,
can be used to show total N -determinacy for connected, centerless (simple) 2-
compact groups X . The key tool is the homology decomposition [18, 8.1]
(2.44) hocolimA(X)op BCX → BX
of BX in terms of centralizers of elementary abelian subgroups. Since X has no
center, the cohomological dimension of each centralizer CX(V, ν) is smaller than the
cohomological dimension of X . As part of an inductive argument we will therefore
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assume that all centralizers are totally N -determined and formulate criteria (2.48,
2.51) that imply that also X is totally N -determined.
2.45. Definition. [18, §8] The objects of the Quillen category A(X) are conju-
gacy classes of monomorphisms ν : V → X of nontrivial elementary abelian 2-groups
into X; the morphisms α : (V1, ν1)→ (V2, ν2) are injective group homomorphisms
α : V1 → V2 such that ν1 and ν2α are conjugate monomorphisms V1 → X. We shall
write A(X)(V1, V2) for the set of morphism V1 → V2 and A(X)(V ) for the group
of all endomorphisms (which are all isomorphisms) of V .
The functor
(2.46) BCX : A(X)
op → Top (topological spaces)
takes an object (V, ν) of the Quillen category A(X) to its centralizer BCX(V, ν) =
map(BV,BX)Bν . The covariant functor
(2.47) πi(BZCX) : A(X)→ Ab (abelian groups)
takes (V, ν) into the abelian homotopy group πi(map(BCX(V, ν), BX), e(ν)) based
at the evaluation map e(ν) : BCX(V, ν)→ BX. The space map(BCX(V, ν), BX) is
homotopy equivalent to BZCX(V, ν) [12]).
2.48. Lemma. [44, 4.9] Suppose that X is connected and centerless. If
(1) CX(L, λ) has N -determined (resp. π∗(N)-determined) automorphisms for
each rank 1 object (L, λ) of A(X) and
(2) lim1(A(X);π1(BZCX)) = 0 = lim
2(A(X);π2(BZCX))
Then X has N -determined (resp. π∗(N)-determined) automorphisms.
Proof. Suppose first that each line centralizer has π∗(N)-determined auto-
morphisms. Let f : X → X be an automorphism under the maximal torus T → X .
Since any monomorphism λ : L→ X, L = Z/2, factors through the maximal torus,
the commutative diagram
N
AM(f)

// X
f

L
λT // T
99rrrrrr
%%LL
LL
LL
N // X
shows that fλ = λ and gives a commutative diagram
CN (L)
CAM(f)(L)

// CX(L)
Cf (L)

T
77oooooo
''OO
OO
OO
CN (L) // CX(L)
of automorphisms under T . Thus AM(Cf (L)) = CAM(f)(L) : CN (L) → CN (L).
Now, π∗(CN (L)) is a subgroup of π∗(N) (for π1(CN (L)) = π1(N) and π0(CN (L)) =
W (X)(L) is [18, 7.6] [43, 3.2.(1)] the stabilizer subgroup at L < Tˇ for the action of
W (X) on Tˇ ) so π∗(CAM(f)(L)) = 1 and Cf (L) ≃ 1CX(L) since CX(L) has π∗(N)-
determined automorphisms. For any other object (V, ν) of A(X) of rank > 1,
choose a line L in V . Since the monomorphism ν : V → X canonically factors
through CX(L) [17, 8.2] [47, 3.18], the commutative diagram
X
f

V //
ν 00
ν ..
CX(L)
77oooooo
''OO
OO
OO
X
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shows that fν = ν and the induced diagram
CX(V )
Cf (V )

CCX(L)(V )
∼= 55kkkkkkk
∼= ))SS
SSS
SS
CX(V )
that Cf (V ) : CX(V )→ CX(V ) is conjugate to the identity. The third assumption
of the lemma assures that there are no obstructions to conjugating f to the the
identity now that we know that the restriction of f to each of the centralizers is
conjugate to the identity, see [44, 4.9].
Suppose next that each line centralizer has N -determined automorphisms. Let
f : X → X be an automorphism such that the diagram
X
f

N
88rrrrrr
&&LL
LL
LL
X
commutes up to conjugacy. For each line L in T , the induced diagram
CX(L)
Cf (L)

CN (L)
66mmmmmm
((QQ
QQQ
Q
CX(L)
also commutes up to conjugacy. By assumption, this means (2.19) that the induced
automorphisms Cf (L) of line centralizers are conjugate to the identity. As above,
this implies that the induced map Cf (V ) : CX(V )→ CX(V ) is conjugate to the
identity for any object (V, ν) of the Quillen category for X and that f is conjugate
to the identity. 
Consider next an extended 2-compact torus N and two connected, centerless
2-compact groups X and X ′ both having N as their maximal torus normalizer
(2.49) X N
j′ //joo X ′
Our task is (2.15.1) to construct an isomorphism X → X ′ under the maximal torus.
2.50. Definition. An object (V, ν) of A(X) is toral if the monomorphism
ν : V → X factors through the maximal torus T → X. Let A(X)≤t denote the full
subcategory of toral objects, and A(X)≤t≤2 the full subcategory of toral objects of rank
≤ 2.
For each toral object (V, ν) of A(X)≤t, let νN : V → N be the unique preferred
lift [45, 4.10] of ν (which factors through the identity component ofN) and let (V, ν′)
be the toral object of A(X ′) defined by ν′ = j ◦ νN : V → X ′ as in the commutative
diagram
V
ν
~~}}
}}
}}
}}
νN

ν′
  B
BB
BB
BB
B
X N
j
oo
j′
// X ′
The functor A(X)≤t → A(X ′)≤t that takes the object (V, ν) to the object (V, ν′)
and is the identity on morphisms is an equivalence of toral Quillen categories [47,
2.8].
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Theorem 2.51. (Cf [47, 3.8]) In the situation of ( 2.49), assume the following:
(1) The centralizer CX(V, ν) of any (V, ν) ∈ Ob(A(X)≤t≤2) has N -determined
automorphisms.
(2) There exists a self-homotopy equivalence α ∈ H1(W ; Tˇ ) ⊆ Out(N) such
that for every object (L, λ) ∈ Ob(A(X)≤t≤1) the diagram
CN (L, λ
N )
j|CN (λ
N )

α|CN(λ
N ) // CN (L, λN )
j′|CN (λ
N )

CX(L, λ)
fλ
// CX′(L, λ′)
commutes for some isomorphism fλ.
(3) For any nontoral rank two object (V, ν) of A(X) the composite monomor-
phism
ν′L : V
ν(L) // CX(L, ν|L)
fν|L
∼=
// CX′(L, (ν|L)′) res // X ′
and the induced isomorphism fν,L : CX(V, ν)→ CX′(V, ν′L) defined by the
commutative diagram
CCX(L,ν|L)(V, ν(L))
∼=

Cfν|L // CCX′ (L,(ν|L)′)(V, fν|L ◦ ν(L))
∼=

CX(V, ν)
fν,L
// CX′(V, ν′L)
do not depend on the choice of line L < V . (See 2.65 for the definition of
the canonical factorization ν(L).)
(4) lim2(A(X);π1(BZCX)) = 0 = lim
3(A(X);π2(BZCX)).
Then there exists an isomorphism f : X → X ′ under T ( 2.15).
Proof. The idea is that the isomorphisms fλ : CX(λ)→ CX′(λ′) on the line
centralizers restrict to isomorphisms fν : CX(ν)→ CX′(ν′) for all centralizers in
the F2-homology decomposition (2.44) of BX . These locally defined isomorphisms
combine to a globally defined isomorphism BX → BX ′.
First observe that the isomorphisms fλ on the line centralizers are uniquely
determined by the cohomology class α ∈ H1(W ; Tˇ ) (2.13.(1)).
Let now (V, ν) be a rank two object of A(X) and L a line in the plane V . If
(V, ν) is toral, define fν : CX(V, ν)→ CX′(V, ν′) to be the isomorphism induced by
fν|L : CX(L, ν|L)→ CX′(L, (ν|L)′. Since fν is an isomorphism under α|CN (V, νN )
it does not depend on the choice of L in V (2.13.(1)). If (V, ν) is nontoral, define ν′
to be ν′L and define fν : CX(V, ν)→ CX′(V, ν′) to be fν,L. By assumption 2.51.(3),
the monomorphism ν′ and the isomorphism fν,L are independent of the choice of
L.
This construction respects morphisms in A(X). Consider first, for instance,
a morphism β : (L1, λ1)→ (L2, λ2) between two lines in X . Then λ1 = λ2β and
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λN1 = λ
N
2 β. The commutative diagram of isomorphisms
CX(λ1)
fλ1

CX(λ2)
fλ2

CX(β)oo
CN (λ
N
1 )
α|CN (λ
N
1 )

eeKKKKKKKKKK
CN (λ
N
2 )
α|CN(λ
N
2 )

CN (β)oo
99ssssssssss
CN (λ
N
1 )
yysss
ss
ss
ss
s
CN (λ
N
2 )CN (β)
oo
%%KK
KK
KK
KK
KK
CX′(λ
′
1) CX′(λ
′
2)CX′ (β)
oo
shows that CX′(β)
−1 ◦ fλ1 ◦ CX(β) = fλ2 for they are both isomorphism under
CN (β)
−1 ◦ α|CN (λN1 ) ◦ CN (β) = α|CN (λN2 ). Second, by the very definition of fν ,
the diagram
CX(V, ν)

fν // CX′(V, ν′)

CX(L, ν|L)
fν|L
// CX′(L, (ν|L)′)
commutes whenever L < V and (V, ν) is (toral or nontoral) rank 2 object of A(X).
We have now defined natural isomorphisms fν : CX(V, ν)→ CX′(V, ν′) for all
objects (V, ν) ∈ Ob(A(X)) of rank ≤ 2. For any other object (E, ε) ofA(X), choose
a line L < E and proceed as for toral rank 2 objects. That is, define ε′ : E → X ′ to
be the monomorphism
E
ε(L) //CX(E, ε|L)
fε|L //CX′(E, (ε|L)′) res //X ′
and define fε : CX(E, ε)→ CX′(E, ε′) to be the isomorphism
CCX(E,ε|L)(ε(L))
(fε|L)∗ //
∼=

CCX′ (E,(ε|L)′)(fε|L ◦ ε(L))
∼=

CX(E, ε)
fε
// CX′(E, ε′)
induced by fε|L. If L1 and L2 are two distinct lines in E, let P = 〈L1, L2〉 be the
plane generated by them. Then the commutative diagram
CX(L1, ε|L1)
fε|L1
∼=
// CX′(L1, (ε|L1)′)
res
((QQ
QQ
QQ
QQ
QQ
QQ
QQ
Q
P
ε(L1)
77nnnnnnnnnnnnnn ε(P ) //
ε(L2) ''PP
PP
PP
PP
PP
PP
PP CX(P, ε|P ) fε|P
∼= //
OO

CX′(P, (ε|P )′)
OO

res // X ′
CX(L2, ε|L2)
fε|L2
∼= // CX′(L2, (ε|L2)′)
res
66mmmmmmmmmmmmmmm
shows that neither (E, ε′) ∈ Ob(A(X ′)) nor the isomorphism fε depend on the
choice of line in E. Thus we have constructed a collection of centric [12] maps
(2.52) BCX(V, ν)→ BX ′, (V, ν) ∈ Ob(A(X)),
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that are homotopy invariant under A(X)-morphisms. The vanishing (2.51.(4)) of
the obstruction groups means [62] that these homotopy A(X)-invariant maps can
be realized by a map
Bf : BX
≃←− hocolimBCX → BX ′
such that f ◦ res = res ◦ fν for all (V, ν) ∈ Ob(A(X)). In particular, f is a map
under T and an isomorphism (2.15). 
2.53. Verification of condition 2.51.(2). Let A(X)≤t be the toral part
of the Quillen category and let H1(W0; Tˇ )
W/W0 : A(X)≤t → Ab the functor with
value H1(W (CX(V, ν)0); Tˇ )
pi0CX (V,ν) on the object (V, ν). If the 2-compact group
C satisfies the conditions of Lemma 2.40 and Zˇ(C0) = Tˇ (C0)
W (C0) we say that C
satisfies the the conditions of Lemma 2.40 in the strong sense.
2.54. Lemma. Suppose that
• The centralizers CX(V, ν) of all (V, ν) ∈ Ob(A(X)≤t≤2) satisfy the condi-
tions of Lemma 2.40 in the strong sense,
• H1(W ; Tˇ )→ lim0(A(X)≤t≤2;H1(W0; Tˇ )W/W0) is surjective
Then conditions 2.51.( 1) and 2.51.( 2) are satisfied.
Proof. Let (V, ν) be an object of A(X)≤t of rank ≤ 2. Since (2.40) the
centralizer CX(V, ν) is N -determined there is a solution (f(V, ν), α(V, ν)) to the
isomorphism problem
CN (V, ν
N )

α(V,ν) // CN (V, νN )

CX(V, ν)
f(V,ν)
// CX′(V, ν′)
and the set of all solutions is (2.35, 2.37) a H1(W/W0; Tˇ
W0)(CX(V, ν))-coset. Let
α(V, ν) ∈ H1(W0; TˇW/W0)(CX(V, ν))
be the restriction of any solution α(V, ν) ∈ H1(W ; Tˇ )(CX(V, ν)) to the above iso-
morphism problem. Then
(2.55) {α(V, ν)}
(V,ν)∈Ob(A(X)≤t
≤2
∈ lim0(A(X)≤t≤2;H1(W0; Tˇ )W/W0 )
because the restriction of a solution is a solution. By assumption, there is an element
α ∈ H1(W ; Tˇ ) that maps to (2.55) and α satisfies 2.51.(2). 
In caseH1(W ; Tˇ ) = 0, the second point reduces to lim0(A(X)≤t≤2;H
1(W0; Tˇ )
W/W0 ) =
0. Alternatively, if lim1(A(X)≤t≤2;H
1(W/W0; Tˇ
W0)) = 0, then the short exact se-
quences (2.27) for CX(V, ν), (V, ν) ∈ Ob(A(X)≤t≤2), will produce a short exact
sequence
0→ lim0 (A(X)≤t≤2, H1(W/W0; TˇW0))→ lim0 (A(X)≤t≤2, H1(W ; Tˇ ))
→ lim0 (A(X)≤t≤2, H1(W0; Tˇ )W/W0)→ 0,
in the limit. Since H1(W ; Tˇ ) is isomorphic to the middle term by [16, 8.1], it maps
onto the third term.
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2.56. Verification of condition 2.51.(3). In this subsection we assume that
conditions 2.51.(1) and 2.51.(2) are satisfied. The following observations can some-
times be useful in the verification of condition 2.51.(3).
Let (V, ν) be a nontoral rank two object of A(X) and L < V a rank one
subgroup. The commtutative diagram
(2.57) N
α // N
j′
$$
V
νNL
22
νNL (L) //
ν(L) ))
CN (L, ν
N
L |L)

Cα //
OO
CN (L, ν
N
L |L)

OO
X ′
CX(L, ν|L)
fν|L
// CX′(L, (ν|L)′)
res
::
shows that ν′L, which is defined to be res ◦ fν|L ◦ ν(L), is equal to the composite
ν′L = j
′ ◦ α ◦ νNL . Moreover, we see by taking the centralizer of ν(L) that
(2.58) V
ν(V )
{{vv
vv
vv
vv
v
ν′L(V )
$$I
II
II
II
II
I
CX(V, ν)
fν,L
∼= // CX′(V, ν′)
commutes.
We are looking for criteria that ensure that ν′L : V → X ′ is independent of the
choice of L < V .
2.59. Lemma. Let (V, ν) be a nontoral rank two object of A(X) and L < V a
line in V . Write C3 for the Sylow 3-subgroup of GL(V ). Suppose that
(1) C3 ⊆ A(X)(V, ν) ∩A(X ′)(V, ν′L)
(2) fν,L : CX(V, ν)→ CX′(V, ν′L) is C3-equivariant
Then condition 2.51.( 3) is satisfied.
Proof. Let β be an automorphism of V . For general reasons, νNL β = (νβ)
N
β−1L
and the diagram
CX(V, ν)
CX(β) ∼=

fν,L // CX′(V, ν′L)
CX′(β)∼=

CX(V, νβ)
fνβ,β−1L
// CX′(V, ν′Lβ)
commutes. Now, if β ∈ A(X)(V, ν) ∩ A(X ′)(V, ν′L), then νβ = ν, ν′Lβ = ν′L,
and fνβ,β−1L = fν,β−1L so that fν,β−1L = CX′(β) ◦ fν,L ◦ CX(β)−1 according to
the above diagram. If also fν,L commutes with the action of β, we conclude that
fν,L = fν,β−1L. 
The following lemma assures that condition 2.59.(1) holds.
2.60. Lemma. Let L and V denote elementary abelian 2-groups of rank one and
two, respectively. Suppose that
(1) There is (up to conjugacy) a unique monomorphism λ : L→ X with non-
connected centralizer
(2) There is (up to conjugacy) a unique nontoral monomorphism ν : V → X
Then the same holds for X ′, and A(X)(V, ν) = GL(V ) = A(X ′)(V, ν′) for the
unique nontoral rank two objects (V, ν) of A(X) and (V, ν′) of A(X ′).
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Proof. Let ν′ : V → X ′ be a nontoral monomorphism and i : L→ V an in-
clusion. Then (L, ν′i) = (L, λ′) for CX′(L, ν
′i) is nonconnected so that ν′i and λ
must correspond under the bijection A(X)≤t → A(X ′)≤t between toral categories.
Moreover, the diagram
(2.61) X CX(L, λ)
resoo fλ
∼=
// CX′(L, λ′)
res // X ′
V
ν
ff
ν(L)
ddHHHHHHHHH
ν′(L)
::uuuuuuuuuu ν′
88
is commutative. To see this, observe that (V, res◦f−1λ ◦ν′(L)) is a nontoral rank two
object of A(X) (its centralizer is isomorphic to CCX′ (L,λ′)(V, ν
′(L)) = CX′(V, ν
′))
so that (V, ν) = (V, res ◦ f−1λ ◦ ν′(L)) by uniqueness of (V, ν). Also, we see from the
commutative diagram
Lλ
zz
λ(L)
xxrrr
rr
rr
rr
rr
i

X CX(L, λ)res
oo V
ν(L)oo
f1λ◦ν
′(L)
oo
that ν(L) = f−1λ ◦ ν′(L) by uniqueness of canonical factorizations under L [46, 3.9].
We conclude that ν′ = res ◦ ν′(L) = res ◦ fλ ◦ ν(L). This means (2.57) that ν′ = ν′L
for any choice of line L < V . Since thus ν′ is unique up to conjugacy, ν′β = ν′ for
any automorphism β of V . 
Note in connection with the verification of condition 2.59.(2), that if 2.59.(1) is
satisfied so that ν′L = ν
′ is independent of L, then (2.58) shows that fν,L is a map
under V in the sense that
(2.62) V
ν(V )
{{vv
vv
vv
vv
v
ν′(V )
$$I
II
II
II
II
I
CX(V, ν)
fν,L
∼= // CX′(V, ν′)
commutes. Since the canonical monomorphisms, ν(V ) and ν′(V ), are GL(V )-
equivariant, the restriction of fν,L to V is C3-equivariant.
For any nontoral object (not necessarily of rank two) (V, ν) of A(X) and any
rank one subgroup L ⊂ V , let νNL : V → N be a preferred lift of ν such that νNL |L
is the preferred lift of ν|L, ie νNL |L = (ν|L)N . (It is always possible to extend a
preferred lift given on the subgroup L to a preferred lift defined on all of V but a
preferred lift defined on V may not restrict to a preferred lift on L [45, 4.9].) Also,
define ν′L : V → X ′ and fν,L : CX(V, ν)→ CX′(V, ν′L) as in 2.51.(3).
2.63. Lemma. Let ν : V → X be any nontoral object of A(X).
(1) If the centralizer of ν has a nontrivial identity component, then ν′L : V → X ′
is independent up to conjugacy of the choice of L ⊂ V , and ν′L = j′◦α◦νNL .
(2) If also there exist a 2-compact torus Tν and isomorphisms Tν → CN (V, νNL )0
such that the composites Tν → CN (V, νNL )0 → T are independent up to
conjugacy of L < V , then fν,L : CX(V, ν)→ CX′(V, ν′) are isomorphisms
under the maximal torus Tν for all L < V .
Proof. (1) Just as in (2.57) we see that ν′L = res ◦ fν|L ◦ ν(L) = j′ ◦ α ◦ νNL .
The hypothesis implies that there exists [17, 5.4, 7.3] a morphism φ : L1 × V → X
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extending ν : V → X whose adjoint L1 → CX(ν) factors through the identity com-
ponent of CX(ν). Let L1 → CN (V, νNL ) be the preferred lift of L1 → CX(V, ν) as
in the commutative diagram
CN (V, ν
N
L )
res //

N
j

L1
77
// CX(V, ν) res
// X
This preferred lift will factor through the identity component of CN (ν
N
L ) (and hence
its composition with CN (ν
N
L )→ N will factor through the identity component ofN)
since L1 → CX(V, ν) factors through the identity component of CX(ν) [45, 4.10].
Let φNL : L1 × V → N be the adjoint of the preferred lift L1 → CN (νNL ). Then
φNL |L1 : L1 → N factors through the identity component of N (the maximal torus)
so it is [45, 4.10] the preferred lift of φ|L1 : L1 → X . In particular, φNL |L1 = (φ|L1)N
does not depend on the choice of L.
The adjoints, φN2 : V → CN (φNL |L1) and φ2 : V → CX(φ|L1), of φNL and φ, re-
spectively, with respect to the second factor, give a commutative diagram
CX(L1, φ|L1)
fφ|L1 // CX′(L1, (φ|L1)′)
res
$$
V
φ2
55
φN2 //
νNL ,,
CN (L1, φ
N
L |L1)

Cα //
OO
CN (L1, φ
N
L |L1)

OO
X ′
N α
// N
j′
99
We conclude that ν′L = j
′ ◦α ◦ νNL = res ◦ fφ|L1 ◦ φ2 : V → X ′ is independent of the
choice of L < V .
(2) The upper square in the diagram
Tν

Tν

CN (V, ν
N
L )

α // CN (V, ανNL )

CX(V, ν)
fν,L
// CX′(V, ν′)
commutes because α restricts to the identity on the identity component T of N
and hence also on Tν . That the lower square is commutative is consequence of the
commutative diagram
CN (L, ν
N
L |L)

Cα // CN (L, ανNL )

V
νNL (L)
77
ν(L)
// CX(L, ν|L)
fν|L
// CX′(L, (ν|L)′)
where νNL (L) and ν(L) are the canonical factorizations (2.65). 
Let µ : U → X be a nontrivial elementary abelian 2-group and µ : U → X a
monomorphism whose centralizer CX(U, µ) has nontrivial identity component. Sup-
pose that U contains a nontrivial subgroup V < U such that the restriction of µ
to V is nontoral. Choose a rank one subgroup L ⊂ V ⊂ U . We may choose the
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preferred lifts µNL and (µ|V )NL such that µNL |V = (µ|V )NL . Since CX(U, µ) has non-
trivial identity component, the conjugacy classes of the monomorphisms µ′ = µ′L
and (µ|V )′L = µ′|L are independent of the choice of L by 2.63.(1). Then there is a
commutative diagram
(2.64) U
µ(V )
yyttt
tt
tt
tt
t
µ′(V )
%%K
KK
KK
KK
KK
K
CX(V, µ|V )
fµ|V,L
// CX′(V, µ′|V )
similar to (2.62).
2.65. Canonical factorizations. Let ν : V → X be a monomorphism from
an elementary abelian p-group to the p-compact group X . The canonical factoriza-
tion of ν through its centralizer is the central monomorphism ν(V ) : V → CX(V, ν)
whose adjoint is V ×V +−→ V ν−→ X [17, 8.2]. If α : (V1, ν1)→ (V2, ν2) is a morphism
in A(X) then the canonical factorizations are related by a commutative diagram
(2.66) V1
α

ν1(V1) // CX(V1, ν1)
res // X
V2
ν2(V2)
// CX(V2, ν2)
CX(α)
OO
res
// X
and we shall write ν2(V1) : V2 → CX(V1, ν1) for CX(α) ◦ ν2(V2) and call it the
canonical factorization of ν2 through the centralizer of ν1. The induced diagram
(2.67)
CCX(V2,ν2)(V2, ν2(V2)) ∼=
CCX (α) //
∼=

CCX(V1,ν1)(V2, ν2(V1))
CCX (V1 ,ν1)(α)// CCX(V1,ν1)(V1, ν1(V1))
∼=

CX(V2, ν2)
CX(α)
// CX(V1, ν1)
is a factorization of CX(α).
4. An exact functor
Let W be a finite group, p a prime, and ρ : W → GL(t) a representation of W
in an Fp-vector space t of finite dimension. For any nontrivial subgroup V ⊂ t, let
W (V ) = {w ∈ W | ∀v ∈ V : wv = v}
be the subgroup of elements of W that act as the identity on V . For any two
nontrivial subgroups V1, V2 ⊂ t, let
W (V1, V2) = {w ∈W |wV1 ⊂ V2}
be the transporter set. (Even though suppresed in the notation, these set depend
on the representation ρ.)
Suppose that we are given also a ZpW -module L.
2.68. Definition. [47, 2.2] A(ρ, t) is the category whose objects are nontrivial
subspaces of V and whose morphisms are group homomorphisms induced by the W -
action. The functor Li : A(ρ, t)→ Ab is the functor that takes the object V ⊂ t to
Hi(W (V );L) and the morphism w : V1 → V2 to Hi(W (V1);L) w
∗
//Hi(W (V1)w;L)
res //Hi(W (V2);L)
where res is restriction and w∗ induced from conjugation with w ∈ W .
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The category A(ρ, t) depends only on the image of W in GL(t) but the functor
Li depends on the actual representation. The morphism set in A(ρ, t) is the set of
orbits
A(ρ, t)(V1, V2) =W (V1, V2)/W (V1)
for the action of the groupW (V1) on the setW (V1, V2). We shall often writeA(W, t)
for A(ρ, t) when the representation ρ is clear from the context and A(W, t)(V )
will be used as an abbreviation for the endomorphism group A(W, t)(V, V ) =
W (V, V )/W (V ).
2.69. Lemma. [16, 8.1] Li is an exact functor with limit H
i(W ;L):
limj(A(W, t), Li) =
{
Hi(W ;L) j = 0
0 j > 0
Proof. The proof of [16, 8.1] also applies to this slightly different setting
where the action of W on the Fp-vector space t may not be faithful and L is a
ZpW -module (and not an FpW -module).
Another possibility is to use the ideas of [30]. It suffices to show that the
category A(W, t) satisfies (the dual of) the conditions of [30, 5.16] and that L∗ is
a proto-Mackey functor. Define L∗ : A(W, t)→ Ab to be the contravariant functor
that agrees with L∗ on objects but takes the A(W, t)-morphism w : E0 → E1 to the
group homomorphism
H∗(W (E0);L) H
∗(W (E0)
w;L)
(w−1)∗oo H∗(W (E1);L)
troo
where tr is transfer. To prove the existence of coproducts and push-outs in the
multiplicative extension A(W, t)∏ we follow [30, 6.3]. Let E0, E1, E2 be elemen-
tary abelian subgroups of t where E0 ⊂ E1 and there is a morphism E0 → E2
represented by an element w ∈ W (E0, E2) ⊂ W . (E0 is possibly empty to allow
for the construction of coproducts.) Each coset gW (E1) ∈ W (E0)/W (E1) has an
associated special diagram
E0
w

  // E1
wg

E2
  // E2 + wgE1
where we note that W (E2 +wgE1) =W (E2)∩W (E1)wg. This construction deter-
mines a bijection between the double coset w−1W (E2)w\W (E0)/W (E1) and the
set of isomorphism classes of special diagrams, cf. [30, 7.3], and therefore
E0
w

  // E1
∏
wg

E2
  // ∏(E2 + wgE1)
where the product is taken over all g ∈ w−1W (E2)w\W (E0)/W (E1), is a push-out
diagram in A(W, t)∏ [30, 6.3]. By [30, 5.13], we need to show that the diagram
H∗(W (E0);L)
L∗(w)

H∗(W (E1);L)
∏
L∗(wg)

L∗(E0⊆E1)oo
H∗(W (E2);L)
∏
H∗(W (E2) ∩W (E1)wg;L)∑
L∗(E2⊆E2+gwE1)
oo
commutes. But this is precisely the content of the Cartan–Eilenberg double coset
formula relating the restriction and transfer homomorphisms in group cohomology
[8] [21, 4.2.6].
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The restriction homomorphismH∗(W ;L)→ lim0(A(W, t);L∗) is injective since
t contains an elementary abelian subgroup E ⊂ t such that the index of W (E) in
W is prime to p. To show surjectivity, we use the argument from the proof of [30,
7.2]. 
CHAPTER 3
The A-family
The A-family consists of the matrix groups
PGL(n+ 1,C) =
GL(n+ 1,C)
GL(1,C)
, n ≥ 1,
where GL(n + 1,C) is the Lie group of complex (n + 1) × (n + 1) matrices with
center GL(1,C) consisting of scalar matrices. The maximal torus normalizer for
PGL(n+ 1,C) is
N(PGL(n+ 1,C)) =
GL(1,C)n+1
GL(1,C)
⋊ Σn+1
where Σn+1 =W (PGL(n+1,C)) ⊂ PGL(n+1,C) is the Weyl group of permutation
matrices. It is known [24, 35] that
(3.1) H0(W ; Tˇ ) =
{
Z/2 n = 1
0 n > 1
, H1(W ; Tˇ ) =
{
Z/2 n = 3
0 n 6= 3
for PGL(n+ 1,C). For all n, PGL(n+ 1,C) = PSL(n+ 1,C). When n+ 1 is odd,
PGL(n+ 1,C) = PSL(n+ 1,C) = SL(n+ 1,C) as 2-compact groups.
1. The structure of PGL(n+ 1,C)
In this and the following section we use the results of Chapter 2 to show that the
2-compact groups PGL(n+ 1,C), n ≥ 1, are uniquely N -determined. This section
provides the information about the Quillen category needed for the calculation
(3.18) of the higher limit obstruction groups from 2.48 and 2.51.
3.2. The toral subcategory of A(PGL(n+1,C)). We consider the full sub-
category of A(PGL(n+1,C)) generated by the toral nontrivial elementary abelian
2-groups in PGL(n+ 1,C), A(PGL(n+ 1,C))≤t (2.50) .
3.3. Lemma. The monomorphism ν : V → PGL(n+ 1,C) is toral if and only if
it lifts to a morphism V → GL(n+1,C). If n+1 is odd, all objects of A(PGL(n+
1,C)) are toral.
Proof. Any monomorphism V → GL(n+1,C)→ PGL(n+1,C) is toral since
it is toral already in GL(n+1,C) by complex representation theory. Conversely, any
toral monomorphism V → GL(1,C)n+1/GL(1,C) ⊂ PGL(n+1,C) lifts to GL(1,C)
since GL(1,C) is divisible. When n + 1 is odd, PGL(n + 1,C) = SL(n + 1,C) ⊂
GL(n+ 1,C) as 2-compact groups so all monomorphisms V → PGL(n+ 1,C) are
toral. 
Let
ei = diag(+1, . . . ,+1,−1,+1, . . . ,+1) ∈ GL(n+ 1,C), 1 ≤ i ≤ n+ 1,
be the diagonal matrix with −1 in position i and +1 at all other positions. The
maximal toral elementary abelian 2-groups
∆n+1 = 〈e1, . . . , en+1〉 = 〈diag(±1, . . . ,±1)〉 ∼= (Z/2)n+1 ⊂ GL(n+ 1,C),
P∆n+1 = 〈e1, . . . , en+1〉 / 〈e1 · · · en+1〉 ∼= (Z/2)n ⊂ PGL(n+ 1,C),
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have Quillen automorphism groups Σn+1 ∼= A(GL(n+1,C))(∆n+1) ∼= A(PGL(n+
1,C))(P∆n+1).
3.4. Lemma. The inclusion functors
A(Σn+1,∆n+1)→ A(GL(n+1,C)), A(Σn+1, P∆n+1)→ A(PGL(n+1,C))≤t
are equivalence of categories.
Proof. This is a general fact; the first part of [47, 2.8] also holds for the case
p = 2. However, it may be more illustrative to prove the lemma directly in this
special case.
By complex represention theory, any nontrivial elementary abelian 2-group in
GL(n + 1,C) is conjugate to a subgroup of ∆n+1 and A(GL(n + 1,C))(∆n+1) =
Σn+1. Thus there is a faithful inclusion functor A(Σn+1,∆n+1)→ A(GL(n+1,C))
which is surjective on the sets of isomorphism classes of objects. It remains to show
that this functor is full. Since any morphism in the category A(GL(n + 1,C)) is
an isomorphism followed by an inclusion, it is enough to show that any conjugation
induced isomorphism V1 → V2 between nontrivial subgroups V1, V2 ⊂ ∆n+1 is
actually induced from conjugation by an element of N(GL(n + 1,C)). But this is
well-known fact from Lie group theory easily derived from eg [7, IV.2.5].
Any toral nontrivial elementary abelian 2-group in PGL(n+1,C) is the image
of a elementary abelian 2-group in GL(n+ 1,C) and hence conjugate to subgroup
of P∆n+1. Since any A(PGL(n + 1,C))-morphism between subgroups of P∆n+1
are induced from conjugation with an element of N(PGL(n+1, C)), it follows that
A(Σn+1, P∆n+1)→ A(PGL(n+ 1,C))≤t is an equivalence of categories. 
For any partition n + 1 = i0 + i1 + · · · + ir of n + 1 into a sum of r positive
integers, let (±1)i0(±1)i1 · · · (±1)ir denote the diagonal matrix
diag(
i0︷ ︸︸ ︷
±1, . . .± 1,
i1︷ ︸︸ ︷
±1, . . .± 1, . . . ,
ir︷ ︸︸ ︷
±1, . . .± 1)
in GL(n+ 1,C).
For any partition (i0, i1) of n + 1 = i0 + i1 into a sum of two positive integers
i0 ≥ i1 ≥ 1, let L[i0, i1] ⊂ PGL(n + 1,C) be the image in PGL(n + 1,C) of the
elementary abelian 2-group
L[i0, i1]
∗ =
〈
(+1)i0(−1)i1 , (−1)n+1〉
in GL(n+ 1,C). The centralizer of L[i0, i1] is
(3.5) CPGL(n+1,C)L[i0, i1] =
{
GL(i0,C)
2
GL(1,C) ⋊ C2 i0 = i1
GL(i0,C)×GL(i1,C)
GL(1,C) i0 > i1
where the action of
C2 =
〈(
0 E
E 0
)〉
interchanges the two GL(i0,C)-factors. The center of the centralizer of L[i0, i1] is
(3.6) ZCPGL(n+1,C)L[i0, i1] =
{
L[i0, i1] i0 = i1
GL(1,C)×GL(1,C)
GL(1,C) i0 > i1
For any partition (i0, i1, i2) of n+ 1 = i0 + i1 + i2 into a sum of three positive
integers i0 ≥ i1 ≥ i2 ≥ 1 let P [i0, i1, i2] ⊂ PGL(n+ 1,C) be the image in PGL(n+
1,C) of the elementary abelian 2-group
P [i0, i1, i2]
∗ =
〈
(+1)i0(−1)i1(+1)i2 , (+1)i0(+1)i1(−1)i2 , (−1)n+1〉
in GL(n+ 1,C). The centralizer of P [i0, i1, i2] is
(3.7) CPGL(n+1,C)P [i0, i1, i2] =
GL(i0,C)×GL(i1,C)×GL(i2,C)
GL(1,C)
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so that the center of the centralizer is
(3.8) ZCPGL(n+1,C)P [i0, i1, i2] =
GL(1,C)×GL(1,C)×GL(1,C)
GL(1,C)
connected.
For any partition (i0, i1, i2, i3) of n+ 1 into a sum n+ 1 = i0 + i1 + i2 + i3 of
n+ 1 into a sum of four positive integers i0 ≥ i1 ≥ i2 ≥ i3 ≥ 1 let P [i0, i1, i2, i3] ⊂
PGL(n+ 1,C) be the image in PGL(n+ 1,C) of the elementary abelian 2-group
P [i0, i1, i2, i3]
∗ =
〈
(+1)i0(−1)i1(+1)i2(−1)i3 , (+1)i0(+1)i1(−1)i2(−1)i3 , (−1)n+1〉
The centralizer of P [i0, i1, i2, i3] is
(3.9)
CPGL(n+1,C)P [i0, i1, i2, i3] =


GL(i0,C)
4
GL(1,C) ⋊ (C2 × C2) i0 = i1 = i2 = i3
GL(i0,C)
2×GL(i2,C)
2
GL(1,C) ⋊ C2 i0 = i1 > i2 = i3
GL(i0,C)×GL(i1,C)×GL(i2,C)×GL(i3,C)
GL(1,C) otherwise
where
C2×C2 =
〈
0 E 0 0
E 0 0 0
0 0 0 E
0 0 E 0

 ,


0 0 E 0
0 0 0 E
E 0 0 0
0 E 0 0


〉
, C2 =
〈
0 E 0 0
E 0 0 0
0 0 0 E
0 0 E 0


〉
The center of the centralizer of P [i0, i1, i2, i3] is
(3.10) ZCPGL(n+1,C)P [i0, i1, i2, i3] =

P [i0, i1, i2, i3] i0 = i1 = i2 = i3
GL(1,C)×GL(1,C)
GL(1,C) ×
〈
(+1)i0(−1)i1(+1)i2(−1)i3〉 i0 = i1 > i2 = i3
GL(1,C)×GL(1,C)×GL(1,C)×GL(1,C)
GL(1,C) otherwise
We collect the information about the toral subcategory that we shall need later
on in the folllowing proposition. Let P (m, k) denote the number of partitions of m
into sums of k natural integers.
3.9. Proposition. The category A(PGL(n+ 1,C)) contains precisely
• P (n + 1, 2) isomorphism classes of toral rank one objects represented by
the lines L[i0, i1].
• P (n + 1, 3) + P (n + 1, 4) isomorphism classes of toral rank two objects
represented by the planes P [i0, i1, i2] and P [i0, i1, i2, i3].
The centralizers of these objects are listed in ( 3.5), ( 3.7), and ( 3.9).
The automorphism groups are easily computed using complex representation
theory because
A(GL(n+ 1,C))(P [i0, i1, i2, i3]
∗)→ A(PGL(n+ 1,C))(P [i0, i1, i2, i3])
is surjective (as in 3.16). One finds that
A(PGL(n+ 1,C))P [i0, i1, i2, i3] =


GL(2,F2) ℓ(i0, i1, i2, i3) ≥ 3
C2 ℓ(i0, i1, i2, i3) = 2
{1} ℓ(i0, i1, i2, i3) = 1
where ℓ(i0, i1, i2, i3) = max1≤j≤4#{k | ik = ij} is the maximal number of repeti-
tions in the sequence (i0, i1, i2, i3). This formula also holds for the objects P [i0, i1, i2]
when interpreted as P [i0, i1, i2, 0].
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2. Centralizers of objects of A(PGL(n+ 1,C))≤t≤2 are LHS
In this section we check that all toral objects of rank ≤ 2 have LHS (2.§2.26)
centralizers.
3.10. Lemma. The centralizers of the objects of A(PGL(n+ 1,C))≤t≤2,
(1) GL(i,C)
2
GL(1,C) ⋊ C2 ( 3.5),
(2) GL(i,C)
4
GL(1,C) ⋊ (C2 × C2) ( 3.9),
(3) GL(i0,C)
2×GL(i2,C)
2
GL(1,C) ⋊ C2 ( 3.9)
are LHS.
Proof. (1) Let X = GL(i,C)
2
GL(1,C) ⋊ C2, i ≥ 1, where the C2-action switches the
two GL(i,C)-factors. For i = 1, X is a 2-compact toral group, hence LHS. For
i = 2 explicit computer computation yields
GL(i,C)2
GL(1,C) ⋊ C2 H
1(π; TˇW0) H1(W ; Tˇ ) H1(W0; Tˇ )
pi H1(W0; Tˇ )
i = 2 0 Z/2 Z/2 Z/2
so X is manifestly LHS in this case (even though X0 is not regular). For i > 2,
θ(X0) is bijective and thus X is LHS by 2.28. (θ(X0) is injective by 2.21.(1) and
surjective by 2.21.(2) for i 6= 4 and for i = 4 by inspection or by 2.23 and 2.24 for
all i > 2.)
(2) Let X = GL(i,C)
4
GL(1,C) ⋊ (C2 × C2), i ≥ 1, where C2 × C2 = 〈(12)(34), (13)(24)〉
permutes the four GL(i,C)-factors. For i = 1, X is a 2-compact toral group, hence
LHS. For i = 2 explicit computer computation yields
GL(i,C)4
GL(1,C) ⋊ (C2 × C2) H1(π; TˇW0) H1(W ; Tˇ ) H1(W0; Tˇ )pi H1(W0; Tˇ )
i = 2 Z/2 (Z/2)3 (Z/2)2 (Z/2)8
so X is manifestly LHS in this case. (Alternatively, observe that X0 is regular (2.24,
2.23), the kernel of θ(X0) is (Z/2)
4, and θ(X0)
pi is surjective because H1(C2 ×
C2; (Z/2)
4) = 0 for the regular representation.) For i > 2, we see as in 3.10.(1)
above that θ(X0) is bijective and hence X is LHS by 2.28.
(3) Let X = (GL(i0,C)×GL(i2,C))
2
GL(1,C) ⋊ C2, 1 ≤ i0 < i2, where C2 switches the two
identical factors. Using 2.23 and 2.24 we see (details omitted) that X0 is regular.
By 2.21.(1), θ(X0) is in fact bijective except when i0 or i2 is 2. In those cases, the
kernel of θ(X0) is (Z/2)
2 and θ(X0)
C2 is surjective as H1(C2; (Z/2)
2) = 0 for the
regular representation. Therefore X is LHS by 2.28. 
3. Limits over the Quillen category of PGL(n+ 1,C)
In this section we show that the problem of computing the higher limits of
the functors πi(BZCPGL(n+1,C)), i = 1, 2, (2.47) is concentrated on the nontoral
objects of the Quillen category.
3.11. Lemma. [47, 2.8] Let V ⊂ P∆n+1 be a nontrivial subgroup representing
an object of A(Σn+1, P∆n+1) = A(PGL(n+ 1,C))
≤t ( 3.4). Then
ZˇCPGL(n+1,C)(V ) = Tˇ
Σn+1(V )
where Tˇ = Tˇ (PGL(n,C)) is the discrete approximation [18, §3] to the maximal
torus of PGL(n+ 1,C) and Σn+1(V ) is the point-wise stabilizer subgroup ( 2.68).
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Proof. Let ν∗ : V → T (GL(n+ 1,C)) be a lift to GL(n+1,C) of the inclusion
homomorphism of V into T (PGL(n+ 1,C)). Then
CGL(n+1,C)(ν
∗V ) =
∏
ρ∈V ∨
GL(iρ,C), Σn+1(ν
∗V ) =
∏
ρ∈V ∨
Σiρ
where i : V ∨ → Z records the multiplicity of each linear character ρ ∈ V ∨ in the
representation ν∗. Using [47, 5.11] and 9.20 we get that
CPGL(n+1,C)(V ) =
CGL(n+1,C)(ν
∗V )
GL(1,C)
⋊ V ∨ν∗ , Σn+1(V ) = Σn+1(ν
∗V )⋊ V ∨ν∗
where V ∨ν∗ = {ζ ∈ V ∨ = Hom(V,GL(1,C)) | ∀ρ ∈ V ∨ : iζρ = iρ}. The semi-
direct products are obtained because the elements of V ∨ν∗ can be effectuated by
permutations from Σn+1 that fix V ⊂ PGL(n + 1,C) point-wise. The discrete
approximation [18, §3] to the center of the centralizer is therefore
ZˇCPGL(n+1,C)(V ) = Zˇ
(∏
GL(iρ,C)
GL(1,C)
⋊ V ∨ν∗
)
(9.14)
= Zˇ
(∏
GL(iρ,C)
GL(1,C)
)V ∨ν∗
=
(∏
ZˇGL(iρ,C)
GL(1,C)
)V ∨ν∗
=
(
Tˇ (GL(n+ 1,C))Σn+1(ν
∗V )
GL(1,C)
)V ∨ν∗
=
(
Tˇ (PGL(n+ 1,C))Σn+1(ν
∗V )
)V ∨ν∗
= Tˇ (PGL(n+ 1,C))Σn+1(V )
where the penultimate equlity sign is justified by the fact thatH1(Σn+1(ν
∗V ); GL(1,C))→
H1(Σn+1(ν
∗V ); Tˇ (GL(n+ 1,C))) is injective. 
Define πi(BZCPGL(n+1,C))6≤t to be the subfunctor of πi(BZCPGL(n+1,C)) (2.47)
that vanishes on all toral objects and is unchanged on all nontoral objects of the
Quillen category. This means that
(3.12)
πi(BZCPGL(n+1,C))6≤t(V, ν) =
{
0 (V, ν) is toral
πi(BZCPGL(n+1,C))(V, ν) (V, ν) is nontoral
for all objects (V, ν) ofA(PGL(n+1,C)). The reason for introducing this subfunctor
is that in the computation of the higher limits, we can ignore the toral objects.
3.13. Corollary. When n > 1,
lim∗(A(PGL(n+1,C));πi(BZC)t)
∼= lim∗(A(PGL(n+1,C));πi(BZC)), i = 1, 2,
where πi(BZC) = πi(BZCPGL(n+1,C)) ( 2.47).
Proof. The result of Lemma 3.11 is (2.31) equivalent to
πi(BZC)(V ) = H
2−i(Σn+1(V );L), V ⊂ P∆n+1,
where L is the Z2Σn+1-module π2BT (PGL(n+ 1,C)) and therefore (2.69)
limj(A(PGL(n+ 1,C))≤t, πi(BZC)) =
{
H2−i(Σn+1, L) j = 0
0 j > 0
where the cohomology groups H2−i(Σn+1;L), i = 1, 2, are trivial for n > 1 (3.1).
Since the quotient functor πi(BZC)/πi(BZC)6≤t vanishes on all nontoral objects
limj(A(PGL(n+1,C)), πi(BZC)/πi(BZC)6≤t)
[47, 13.12]∼= limj(A(PGL(n+1,C))≤t, πi(BZC))
We conclude that lim∗(A(PGL(n + 1,C)), πi(BZC)/πi(BZC)6≤t) = 0. The long
exact coefficient functor sequence for higher limits now shows that lim∗(A(PGL(n+
1,C)), πi(BZC)6≤t) and lim
∗(A(PGL(n+ 1,C)), πi(BZC)) are isomorphic. 
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4. The category A(PGL(n+ 1,C))[ , ] 6=0
For any nontrivial elementary abelian 2-group V in PGL(n+1,C), let [ , ] : V × V → F2
be the symplectic bilinear form [28, II.9.1] given by [uC×, vC×] = r if [u, v] = (−E)r
where u, v ∈ GL(n+ 1,C) are such that uC×, vC× ∈ V . (The elements [u, v] and
u2 lie in the center C× of GL(n + 1,C) so that E = [u2, v] = [u, v]u[u, v] = [u, v]2
and thus [u, v] ∈ C× has order 2. Therefore [u, v] = [u, v]−1 = [v, u].)
3.14. Lemma. V in PGL(n+ 1,C) is toral ⇐⇒ [V, V ] = 0
Proof. Let eiC
×, 1 ≤ i ≤ d, be a basis for V . Since C× is divisible, we can
assume that each ei ∈ GL(n + 1,C) has order 2. If [V, V ] = 0, these eis commute
and span a lift to GL(n+ 1,C) of V ⊆ PGL(n+ 1,C). 
An extra special 2-group is of positive type if it is isomorphic to a central product
of dihedral groups D8 of order 8 [56, p 145–146].
3.15. Lemma. [23, 3.1] [47, 5.4] Let ν : V → PGL(n,C) be a nontoral monomor-
phism of a nontrivial elementary abelian 2-group V into PGL(n+1,C). Then there
exists a morphism of short exact sequences of groups
1 // Z(P ) // _

PE // _

V // _
ν

1
1 // C× // GL(n+ 1,C) // PGL(n+ 1,C) // 1
where PE is the direct product of an extra special 2-group P ⊆ GL(n + 1,C) of
positive type and an elementary abelian 2-group E ⊆ GL(n + 1,C) with P ∩ E =
{1} = [P,E].
Let G = 〈P,E, i〉 = P ◦ C4 × E be the group generated by E and the cen-
tral product P ◦ C4 of P and the cyclic group C4 = 〈i〉 ⊆ C× with C2 = 〈−E〉
amalgamated. The image of G in PGL(n+ 1,C) is V .
LetA(GL(n,C))(G) be the subgroup, isomorphic toNGL(n+1,C)(G)/G·CGL(n+1,C)(G),
of Out(G) consisting of all outer automorphisms of G induced from conjugation in
GL(n + 1,C) [47, 5.8]. In other words, A(GL(n,C))(G) = Outtr(G) is the group
of trace preserving outer automorphisms of G.
3.16. Lemma. A(GL(n+ 1,C))(G)→ A(PGL(n+ 1,C))(V ) is surjective.
Proof. Suppose that B ∈ GL(n+ 1,C) is such that V BC× = V . Then GB ⊆
G ·C×: For any g ∈ G there exist h ∈ G and z ∈ C× such that gB = hz. But since
G has exponent 4, z4 = 1 so z ∈ C4 and gB ∈ G. 
A monomorphic conjugacy class ν : V → PGL(n+ 1,C) is said to be a (2d+r, r)
object of A(PGL(n + 1,C)) if the underlying symplectic vector space of (V, ν) is
isomorphic to V = Hd × V ⊥ where H denotes the symplectic plane over F2 and
dimF2 V
⊥ = r [28, II.9.6] (so that dimF2 V = 2d+ r). An (r, r) object is the same
thing as an r-dimensional toral object. We write Sp(V ) or Sp(2d+r, r) (abbreviated
to Sp(2d) if r = 0) for the group of linear automorphisms of V that preserve the
symplectic form.
3.17. Corollary. Suppose that n+ 1 = 2dm for some natural numbers d ≥ 1
and m ≥ 1.
(1) There is up to isomorphism a unique (2d, 0) object Hd of A(PGL(n +
1,C)), and
A(PGL(n+ 1,C))(Hd) = Sp(2d), CPGL(n+1,C)(H
d) = Hd × PGL(m,C)
for this object.
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(2) Isomorphism classes of (2d + r, r), r > 0, objects V of A(PGL(2dm,C))
correspond bijectively to isomorphism classes of (r, r) objects V ⊥ ofA(PGL(m,C)),
and
A(PGL(2dm,C))(V ) =
(
Sp(2d) 0
∗ A(PGL(m,C))(V ⊥)
)
CPGL(2dm,C)(V ) = V/V
⊥ × CPGL(m,C)(V ⊥)
for these objects.
Proof. 1. The group 21+2d+ ◦ 4 has [29, 7.5] 21+2d characters of degree 1 and 2
irreducible characters of degree 2d (interchanged by the action of Out(21+2d+ ◦ 4) ∼=
Sp(2d)×Aut(C4) [22, pp. 403–404]) given by
χλ(g) =
{
2dλ(g) g ∈ C4
0 g 6∈ C4
where λ : C4 → C× is an injective group homomorphism (λ(i) = ±i). The linear
characters vanish on the derived group 2 = [21+2d+ ◦ 4, 21+2d+ ◦ 4] but the irreducible
characters of degree 2d do not. Thus the only faithful representations of 21+2d+ ◦
4 with central centers are multiples mχλ of χλ for a fixed λ. Phrased slightly
differently, GL(m2d,C) contains up to conjugacy a unique subgroup with central
center isomorphic to 21+2d+ ◦ 4. For this group and its image Hd in PGL(2dm,C)
we have
A(GL(m2d,C))(21+2d+ ◦ 4, 21+2d+ ◦ 4) ∼= Sp(2d) ∼= A(PGL(m2d,C))(Hd, Hd)
CGL(m2d,C)(2
1+2d
+ ◦ 4) ∼= GL(m,C), CPGL(m2d,C)(Hd) ∼= Hd × PGL(m,C)
where the last isomorphism is a consequence of [47, 5.9].
2. The (2d+ r, r) object (V, ν) of A(PGL(2dm,C)) and the (r, 0) object (V ⊥, ν⊥)
of A(PGL(m,C)) correspond to each other iff there is an m-dimensional represen-
tation µ : V ⊥ → GL(m,C) such that C2d ⊗ µ is a lift of ν|V ⊥ and µ a lift of ν⊥.
According to 3.15 any lift of ν|V ⊥ has this form for some µ uniquely determined
up to the action of (V ⊥)∨.
We use 3.16 to calculate the Quillen automorphism group of a (2d+ r, r) object
Hd × V ⊥ of A(PGL(2dm,C)). Let Hd × V ⊥ be covered by the group P ◦C4 × V ⊥
as in 3.15. Let α be an automorphism of P ◦ C4, let β be any homomorphism
of the form P ◦ C4 → Hd → V ⊥, and let γ be any Quillen automorphism of
(V ⊥, ν⊥). Choose a homomorphism ζ1 : P ◦ C4 → Hd × C4/C2 → C4 such that
λ(ζ1(x)α(x)) = λ(x) for all x ∈ C4 and a homomorphism ζ2 : V ⊥ → C4 such that
λ(ζ2(v))µ(γ(v)) = µ(v) for all v ∈ V ⊥. Then the automorphism of P ◦C4 that takes
(x, v) to (ζ1(x)ζ2(v)α(x), β(x) + γ(v)) preserves the trace of χλ#µ and therefore
the automorphism induced on the quotient is a Quillen automorphism of Hd ×
V ⊥. Conversely, any automorphism of P ◦ C4 × V ⊥ takes the center C4 × V ⊥
isomorphically to itself and hence it is of the form (x, v)→ (ζ(x, v)α(x), β(x)+γ(v))
for some automorphism α of P◦C4, some homomorphism β : P ◦ C4 → V ⊥ vanishing
on C4, and some homomorphism ζ : P ◦ C4 × V ⊥ → C4. Such an automorphism
preserves the trace of χλ#µ iff λ(ζ(x, v)α(x)) = µ(γ(v)) for all (x, v) ∈ Z(P ◦C4 ×
V ⊥) = C4 × V ⊥. But this means that the induced automorphism of Hd × V ⊥ is of
the stated form. 
We conclude that the nontoral objects of A(PGL(2m,C)) of rank ≤ 4 are
• One (2, 0) object H , A(PGL(2m,C))(V ) = Sp(2),
• P (m, 2) (3, 1) objects V , A(PGL(2m,C))(V ) = Sp(3, 1),
• P (m, 3)+P (m, 4) (4, 2) objectsE,A(PGL(2m,C))(E) =
(
Sp(2) 0
∗ A(PGL(m,C))(E⊥)
)
where A(PGL(m,C))(E⊥) = 1, C2, or GL(E
⊥),
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• One (4, 0) object H2 if m is even, A(PGL(m,C))(H2) = Sp(4).
This information will be needed in the next section as input for Oliver’s cochain
complex [53] for computing higher limits of the functors πi(BZCPGL(n+1,C))t.
5. Higher limits of the functor πiBZCPGL(n+1,C) on A(PGL(n+1,C))
[ , ] 6=0
We compute the higher limits from 2.48.(2) and 2.51.(4) by means of 3.13 and
Oliver’s cochain complex [53].
3.18. Lemma. The low degree higher limits of the functors πiBZCPGL(n+1,C),
i = 1, 2, are:
(1) limj(A(PGL(n+ 1,C)), π1BZCPGL(n+1,C)) = 0 for j = 1, 2,
(2) limj(A(PGL(n+ 1,C)), π2BZCPGL(n+1,C)) = 0 for j = 2, 3,
for all n ≥ 1.
For any elementary abelian 2-group E in PGL(n+ 1,C) we shall write
[E] = HomA(PGL(n+1,C))(E)(St(E), π1(BZCPGL(n+1,C)(E)))
for the F2-vector space of F2A(PGL(n + 1,C))(E)-module homomorphisms from
the Steinberg representation St(E) over F2 of GL(E) to π1(BZCPGL(n+1,C)(E).
Oliver’s cochain complex for computing the first limits of the functor π1(BZCPGL(n+1,C))6≤t
has the form
(3.19)
0→ [H ] d
1
−→
∏
1≤i≤[m/2]
[H#L[m−i, i]] d
2
−→ [H#P [1, 1,m−2]×
∏
2<i<[m/2]
[H#P [1, i−1,m−i]]
where we only list some of the nontoral rank four objects. Here,
[H ] = HomSp(2)(St(H), H) ∼= F2
[H#L[m− i, i]] = HomSp(3,1)(St(V ), V ) ∼= F2, V = H#L[m− i, i],
[H#P [1, 1,m− 2]] = HomSp(2) 0∗ C2

 (St(E2), E2/E
⊥
2 )
∼= F2, E2 = H#P [1, 1,m− 2],
[H#P [1, i− 1,m− i]] = HomSp(2) 0∗ 1

 (St(Ei), Ei)
∼= F2 × F2, Ei = H#P [1, i− 1,m− i]
where 2 < i ≤ [m/2] in the last line. The dimensions of these spaces were found
using the computer algebra program magma. It suffices to show that the first
differential d1 is injective and that the second differential d2 has rank [m/2]− 1.
Let H = F2e1+F2e2 be a 2-dimensional vector space over F2 with basis {e1, e2}
and symplectic inner product matrix (
0 1
1 0
)
Let F2[1] be the 3-dimensional F2-vector space on all length zero flags [L] of nontriv-
ial proper subspaces L ⊂ H . The Steinberg module St(H) forH is the 2-dimensional
F2GL(H)-module that is the kernel for the augmentation d : F2[1]→ F2 given by
d[L] = 1 for all L. Let f : St(H)→ H be the restriction to St(H) of the F2GL(H)-
module homomorphism f : F2[1]→ H given by f [L] = L.
Let V = F2e1+F2e2+F2e3 be a 3-dimensional vector space over F2 with basis
{e1, e2, e3} and (degenerate) symplectic inner product matrix
0 1 01 0 0
0 0 0


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Let F2[1] be the 21-dimensional F2-vector space on all length one flags [P > L]
and F2[0] the 14-dimensional F2-vector space on all length zero flags, [P ] or [L],
of non-trivial and proper subspaces of V . The Steinberg module St(V ) over F2
for V is the 23 = 8-dimensional kernel of the linear map d : F2[1]→ F2[0] given by
d[P > L] = [P ] + [L]. Define df : St(V )→ V to be the restriction to St(V ) of the
linear map df : F2[1]→ V given by
(3.20) df [P > L] =
{
L P ∩ P⊥ = {0}
0 otherwise
on the basis vectors.
Let E = F2e1 + F2e2 + F2e3 + F2e4 be a 4-dimensional vector space over F2
with basis {e1, e2, e3, e4} and (degenerate) symplectic inner product matrix

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0


Let F2[2] be the 315-dimensionalF2-vector space on all length two flags [V > P > L]
and F2[1] the also 315-dimensional F2-vector space on all length one flags, [P > L]
or [V > L] or [V > P ], of non-trivial, proper subspaces of E. The Steinberg
module St(E) over F2 for E is the 2
6 = 64-dimensional kernel of the linear map
d : F2[2]→ F2[1] given by d[V > P > L] = [P > L] + [V > L] + [V > P ].
Define F1 = F 1| St(E) : St(E)→ E as the restriction to St(E) of the linear map
F 1 : F2[2]→ E with values
(3.21) F 1[V > P > L] =
{
L P ∩ P⊥ = 0, V ∩ V ⊥ = F2e3
0 otherwise
on the basis elements. Define F2 = F 2| St(E) : St(E)→ E similarly but replace the
condition V ∩ V ⊥ = F2e3 by V ∩ V ⊥ = F2e4. The linear maps F1 and F2 are(
Sp(2) 0
∗ 1
)
-equivariant because this group preserves the symplectic inner product
on E and preserves V ⊥ = F2 〈e3, e4〉 pointwise.
3.22. Lemma. Let f and F1, F2 be the linear maps defined above.
(1) The vector f is a basis for [H ].
(2) The vector df is a basis for [H#L[m− i, i]], 1 ≤ i ≤ [m/2].
(3) The vector F2 is a basis for [H#P [1, 1,m− 2]].
(4) The set {F1, F2} is a basis for [H#P [1, i − 1,m − i]], 2 < i ≤ [m/2].
The sum F1+F2 is the linear map defined as in ( 3.21) but with condition
V ∩ V ⊥ = F2e3 replaced by V ∩ V ⊥ = F2(e3 + e4).
Proof. This can be directly verified by machine computation. 
Proof of Lemma 3.18. Since we already know that these higher limits vanish
when n+ 1 is odd (3.3, 3.13) we can assume that n+ 1 = 2m is even.
(1) See 8.2 for the casem = 1 and assume now thatm ≥ 2. The image in [H#L[m−
i, i]] of f ∈ [H ] is
dfL[m−i,i][P > L] =
{
L P = H
0 otherwise
which equals df (3.20). For 1 < i ≤ [m/2], let
ddfL[m−i,i][V > P > L] =
{
L V = H#L[m− i, i], P = H
0 otherwise
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The objectH#P [1, 1,m−2] receives morphisms fromH#L[m−1, 1] and (whenm >
2) H#L[m− 2, 2]. Using a computer program one easily checks that ddfL[m−1,1] =
F2 = ddfL[m−2,2] in [H#P [1, 1,m − 2]]. The object H#P [1, i − 1,m − i] receives
morphisms from H#L[m− 1, 1], H#L[m− i+ 1, i− 1], and H#L[m− i, i]. Using
a computer program one easily checks that ddfL[m−i+1,i−1] = F1, ddfL[m−i,i] = F1,
and ddfL[m−1,1] = F1+F2 in [H#P [1, i−1,m− i]. For m = 2 or m = 3, the cochain
complexes (3.19) take the form
0→[H ] d
1
−→ [H#L[1, 1]] d
2
−→ 0
0→[H ] d
1
−→ [H#L[2, 1]] d
2
−→ [H#P [1, 1, 1]]
where d1 is an isomorphism. For m ≥ 4, and with our choice of basis (3.22), the
matrix for the differential d1 is the injective (1× [m/2])-matrix(
1 1 · · · 1)
and the matrix for d2 (or rather, the components of d2 shown in 3.19) is the ([m/2]×
(2[m/2]− 3))-matrix
[H#P [1, 1, 8]] [H#P [1, 2, 7]] [H#P [1, 3, 6]] [H#P [1, 4, 5]]
[H#L[9, 1]]
(
1
) (
1 1
) (
1 1
) (
1 1
)
[H#L[8, 2]]
(
1
) (
1 0
)
[H#L[7, 3]]
(
0 1
) (
1 0
)
[H#L[6, 4]]
(
0 1
) (
1 0
)
[H#L[5, 5]]
(
0 1
)
(shown here for m = 10) of rank [m/2]− 1.
(2) Oliver’s cochain complex for computing these higher limits overA(PGL(2m,C))
involve the Z2-modules (3.17.(2))
HomSp(2) 0∗ A(PGL(m,C))(E⊥)

 (St(E), π2(BZCPGL(2m,C)(E
⊥))), dimF2 E = 3, 4,
that are submodules of finite products of Z2-modules of the form
HomSp(2) 0∗ 1

 (St(E),Z2), dimF2 E = 3, 4,
where the action on Z2 is trivial. According to the computer programmagma, these
latter modules are trivial. 
CHAPTER 4
The D-family
Let GL(2n,R), n ≥ 1, be the matrix group of 2n × 2n real matrices and
SL(2n,R) the closed subgroup of matrices with determinant 1. The D-family is the
infinite family of matrix groups
PSL(2n,R) =
SL(2n,R)
〈−E〉 , n ≥ 4,
with trivial center. These groups also exist for n = 1, 2, 3; however, PSL(2,R) = {1}
is the trivial group, and PSL(4,R) = PGL(2,C)2, PSL(6,R) = PGL(4,C) are
already known to be uniquely N -determined (1.2).
The maximal torus, the maximal torus normalizer of GL(2n,R), SL(2n,R),
and PSL(2n,R) are
T (GL(2n,R)) = SL(2,R)n, N(GL(2n,R)) = GL(2,R) ≀ Σn
T (SL(2n,R)) = SL(2,R)n, N(SL(2n,R)) = SL(2n,R) ∩N(GL(2n,R))
T (PSL(2n,R)) =
SL(2,R)n
〈−E〉 , N(PSL(2n,R)) =
N(SL(2n,R))
〈−E〉
(4.1)
In all three cases, the maximal torus normalizer is the semi-direct product for the
action of the Weyl group
W (GL(2n,R)) = Σ2 ≀ Σn, Σ2 =W (GL(2,R)) =
〈(0 1
1 0
)〉
,
W (SL(2n,R)) = A2n ∩ (Σ2 ≀ Σn) =W (PSL(2n,R))
(4.2)
on the maximal torus. It is known that for n ≥ 3 [5, 24, 34, 35]
(4.3)
H0(W ; Tˇ )(PSL(2n,R)) = 0, H1(W ; Tˇ )(PSL(2n,R)) =


Z/2 n = 3
Z/2× Z/2 n = 4
0 n > 4
for these projective groups. (The group of outer Lie automorphisms of the Lie group
PSL(8,R), isomorphic to Σ3, is faithfully represented in H
1(W ; Tˇ )(PSL(8,R)).)
The Lie groups
GL(2n,R) = SL(2n,R)⋊ 〈D〉 , PGL(2n,R) = PSL(2n,R)⋊ 〈D 〈−E〉〉
are the semi-direct products of their identity components with the order two sub-
group generated by the matrix D = diag(−1, 1, . . . , 1) (or any other order two
matrix with negative determinant) and conjugation with D induces an outer auto-
morphism of the Lie groups SL(2n,R) and PSL(2n,R).
1. The structure of PSL(2n,R)
In this section we investigate the Quillen category A(PSL(2n,R)) (2.45) for
PSL(2n,R) (and related 2-compact groups SL(2n,R), GL(2n,R), PGL(2n,R)).
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Consider the elementary abelian 2-groups
t(SL(2n,R)) = t(GL(2n,R)) = 〈e1, . . . , en〉 ⊂ SL(2n,R) ⊂ GL(2n,R)
∆2n = 〈e1, . . . , en, c1, . . . , cn〉 = 〈diag(±1, . . . ,±1)〉 ∼= (Z/2)2n ⊂ GL(2n,R)
P∆2n = ∆2n/ 〈e1 · · · en〉 ∼= (Z/2)2n−1 ⊂ PGL(2n,R) (e1 · · · en = −E)
S∆2n = 〈e1, . . . , en, c1c2, . . . , c1cn〉 = SL(2n,R) ∩∆2n ∼= (Z/2)2n−1 ⊂ SL(2n,R)
PS∆2n = S∆2n/ 〈e1 · · · en〉 ∼= (Z/2)2n−2 ⊂ PSL(2n,R) (e1 · · · en = −E)
t(PSL(2n,R)) = t(PGL(2n,R)) = 〈I, e1, . . . , en〉 / 〈e1 . . . en〉 ⊂ PSL(2n,R) ⊂ PGL(2n,R)
Pt(SL(2n,R)) = Pt(GL(2n,R)) = 〈e1, . . . , en〉 / 〈e1 · · · en〉 ⊂ SL(2n,R) ⊂ GL(2n,R)
(4.4)
where
ej = diag
((
1 0
0 1
)
, . . . ,
(−1 0
0 −1
)
, . . . ,
(
1 0
0 1
))
∈ SL(2n,R), 1 ≤ j ≤ n
I = diag
((
0 −1
1 0
)
, . . . ,
(
0 −1
1 0
))
∈ SL(2n,R),
cj = diag
((
1 0
0 1
)
, . . . ,
(−1 0
0 +1
)
, . . . ,
(
1 0
0 1
))
∈ GL(2n,R), 1 ≤ j ≤ n
(4.5)
The matrices ej and cj have order two and commute with each other while Iej = ejI,
Icj = ejcjI, and I
2 = e1 · · · en = −E.
The representation of the Weyl groups
W (GL(2n,R)) = 〈c1, . . . , cn〉⋊ Σn = Σ2 ≀ Σn,(4.6)
W (SL(2n,R)) = 〈c1c2, . . . , c1cn〉⋊ Σn = A2n ∩ (Σ2 ≀ Σn)(4.7)
on the maximal toral elementary abelian 2-group t(SL(2n,R)) = t(GL(2n,R))
is trivial on the subgroup 〈c1, . . . , cn〉 = Σn2 while Σn ⊂ GL(n,C) ⊂ SL(2n,R)
permutes the n basis vectors e1, . . . , en of t(SL(2n,R)) = t(GL(2n,R)).
Let V be a nontrivial elementary abelian 2-group in PGL(2n,R) and V ∗ its in-
verse image in GL(2n,R). Let q : V → F2 = {0, 1} be the function and [ , ] : V × V → F2 = {0, 1}
the bilinear map given by v∗2 = (−E)q(v) and [v∗1 , v∗2 ] = (−E)[v1,v2] where v∗, v∗1 , v∗2 ∈
SL(2n,R) are preimages of v, v1, v2 ∈ PSL(2n,R), respectively. The equations
[v1, v2] = [v2, v1], [v, v] = 0, q(v1 + v2) = q(v1) + q(v2) + [v1, v2]
show that q is the quadratic function associated to the symplectic bilinear form
[ , ] [28, p. 356]. The bilinear form is the deviation from linearity of the quadratic
function. Define V ⊥ ⊃ R(V ) to be the subgroups
V ⊥ = {v ∈ V | [v, V ] = 0} ⊃ {v ∈ V ⊥ | q(v) = 0} = R(V )
of V . Since q is a group homomorphism on V ⊥, the subgroup R(V ) is either all of
V ⊥ or a subgroup of index 2.
In the following we write G ◦H for the product of the groups G and H with a
common central subgroup amalgamated. The subgroup ✵1(V
∗) is generated by all
squares of elements of V ∗ [28, III.10.4].
4.8. Lemma. Let V be a nontrivial elementary abelian 2-group in PGL(2n,R).
The preimage V ∗ in GL(2n,R) is
V ∗ =


C2 × V q(V ) = 0
C4 ◦ V [V, V ] = 0, q(V ) 6= 0
P ×R(V ) [V, V ] 6= 0, q(V ⊥) = 0
(C4 ◦ P )×R(V ) [V, V ] 6= 0, q(V ⊥) 6= 0
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where C2 = 〈−E〉 ⊂ C4 ⊂ SL(2n,R), P = 21+2d± is extraspecial, C4◦P is generalized
extraspecial with center of order 4, and ✵1(V
∗) ⊂ 〈−E〉.
Proof. As long as the bilinear form is trivial, [V, V ] = 0, V ∗ is abelian and the
structure theorem for finitely generated abelian groups applies. Assume that the
bilinear form does not completely vanish, [V, V ] 6= 0. Then V ∗ is nonabelian with
commutator subgroup [V ∗, V ∗] = C2. Write V = U × R(V ) for some nontrivial
subgroup U complementary to R(V ). Then V ⊥ = V ⊥ ∩ (U × R(V )) = (V ⊥ ∩
U) × R(V ) and q(V ⊥) = q(V ⊥ ∩ U). If U∗ denotes the preimage of U , we have
V ∗ = U∗(C2 ×R(V )) = U∗×R(V ) as the preimage of R(V ), C2 ×R(V ), is central
in V ∗. The commutator subgroup [U∗, U∗] = [U∗R(V ), U∗R(V )] = [V ∗, V ∗] = C2
and the center Z(U∗) is the preimage of V ⊥ ∩ U . If q(V ⊥) = 0, R(V ) = V ⊥ and
V ⊥ ∩ U = R(V ) ∩ U is trivial so Z(U∗) = C2 and U∗ = P is extraspecial. If
q(V ⊥) 6= 0, R(V ) has index 2 in V ⊥, V ⊥ ∩ U has order 2, and q(V ⊥ ∩ U) 6= 0
so that Z(U∗) contains an element of order 4. Therefore Z(U∗) = C4 and U
∗ is
generalized extraspecial. There are two isomorphism classes of such groups but only
U∗ = C4 ◦D8 ◦ · · ·D8 = C4 ◦P has elementary abelian abelianization [56, Ex. 8, p.
146]. 
For instance, the preimage of the maximal toral elementary abelian 2-group
t(PSL(2n,R) of PSL(2n,R) is the abelian group
(4.9) t(PSL(2n,R))∗ = 〈I, e1, . . . , en〉 ,
generated by I and t(SL(2n,R)).
4.10. Corollary. Let V be a nontrivial elementary abelian 2-group in PSL(2n,R).
If
q(V ) = 0, [V, V ] = 0: V is toral in PSL(2n,R) ⇐⇒ V ∗ = C2 × V is toral in SL(2n,R)
q(V ) 6= 0, [V, V ] = 0: V is toral
q(V ) 6= 0, [V, V ] 6= 0: V is nontoral
Proof. We have
V is toral ⇐⇒ V ⊂ t(PSL(2n,R)) ⇐⇒ V ∗ ⊂ t(PSL(2n,R))∗
where the symbol ‘⊂’ reads ‘is subconjugate to’. In the first case of the corollary,
the preimage V ∗ contains no elements of order 4 so that
V ∗ ⊂ t(PSL(2n,R))∗ ⇐⇒ V ∗ ⊂ t(SL(2n,R))
as t(SL(2n,R)) consists of the elements of order ≤ 2 in t(PSL(2n,R))∗. In the
second case, V ∗ = C4 × R(V ) so that R(V ) ⊂ CSL(2n,R)(I) = GL(n,C). But any
complex representation of the elementary abelian 2-group R(V ) is toral, so R(V ) ⊂
t(GL(n,C)) = t(SL(2n,R)) and V ∗ ⊂ 〈C4, t(SL(2n,R))〉 = t(PSL(2n,R))∗. In the
third case, the nonabelian group V ∗ can not be a subgroup of the abelian group
t(PSL(2n,R))∗. 
4.11. Lemma. Let V1 and V2 be elementary abelian 2-groups in PSL(2n,R).
Then
V1 and V2 are conjugate in PSL(2n,R) ⇐⇒ V ∗1 and V ∗2 are conjugate in SL(2n,R)
where V ∗1 , V
∗
2 ⊂ SL(2n,R) are the preimages.
Proof. This is clear. 
Write A(PGL(2n,R))q=0 and A(PGL(2n,R))≤t,q=0 for the full subcategories
of A(PGL(2n,R)) generated by all elementary abelian 2-groups V ⊂ PGL(2n,R)
with trivial quadratic function q, respectively, all toral elementary abelian 2-groups
V ⊂ PGL(2n,R) with trivial quadratic function q. Define A(PSL(2n,R))q=0 and
A(PSL(2n,R))≤t,q=0 similarly as full subcategories of A(PSL(2n,R)).
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4.12. Lemma. Write GL for GL(2n,R), SL for SL(2n,R), and PSL for PSL(2n,R).
The inclusion functors
A(Σ2n,∆2n)→ A(GL) A(Σ2n, S∆2n)→ A(SL)
A(W (SL), t(SL))→ A(SL)≤t
A(Σ2n, P∆2n)→ A(PGL)q=0 A(Σ2n, PS∆2n)→ A(PSL)q=0
A(W (PSL), t(PSL))→ A(PSL)≤t
A(W (PSL), P t(SL))→ A(PSL)≤t,q=0
are equivalences of categories. In particular, A(SL) and A(PSL) are full sub-
categories of A(GL) and A(PGL), respectively. (See 2.68 for the meaning of
A(Σ2n,∆2n).)
Proof. By real representation theory any nontrivial elementary abelian 2-
group of GL(2n,R) is conjugate to a subgroup V of ∆2n and
CGL(2n,R)(V ) =
∏
ρ∈V ∨
GL(iρ,R)
where i : V ∨ → Z records the multiplicity of ρ ∈ V ∨ in the representation V ⊂
∆2n ⊂ GL(2n,R). Observe that ∆2n is the maximal elementary abelian 2-group
in CGL(2n,R)(V ). (For any i ≥ 1, GL(i,R) contains the subgroup ∆i, consisting
of diagonal matrices with ±1 in the diagonal, as a maximal elementary abelian
2-group.) Therefore, by the standard argument from [7, IV.2.5], used also in 3.4,
any group homomorphism between two nontrivial subgroups of ∆2n induced by
conjugation with a matrix from GL(2n,R), is in fact induced by conjugation with
a matrix from NGL(2n,R)(∆2n) = ∆2n ⋊ Σ2n [54, Lemmma 3]. Thus the inclusion
functor A(Σ2n,∆2n)→ A(GL(2n,R)) is a category equivalence.
Any nontrivial elementary abelian 2-group V ⊂ PGL(2n,R) with q(V ) = 0 is
conjugate to a subgroup of P∆2n since V
∗, the preimage in GL(2n,R), is conjugate
to subgroup of ∆2n. Let V1, V2 be two nontrivial subgroups of P∆2n. From the
commutative diagram of morphism sets
A(Σ2n,∆2n)(V
∗
1 , V
∗
2 )

A(GL(2n,R))(V ∗1 , V
∗
2 )

A(Σ2n, P∆2n)(V1, V2)
  // A(PGL(2n,R))q=0(V1, V2)
we see that the the bottom horizontal arrow is a bijection. This implies that
A(Σ2n, P∆2n)→ A(PGL(2n,R))q=0 is an equivalence of categories.
Any nontrivial elementary abelian 2-group in SL(2n,R) is conjugate in GL(2n,R)
to a subgroup of SL(2n,R)∩∆2n = S∆2n (4.4). The Quillen category of SL(2n,R)
is a full subcategory of the Quillen catgory of GL(2n,R) since CGL(2n,R)(V ) 6⊂
SL(2n,R) for all objects V ofA(SL(2n,R)). Thus the inclusion functorA(Σ2n, S∆2n)→
A(SL(2n,R)) is an equivalence of categories.
Any toral elementary abelian 2-group in SL(2n,R) is conjugate to a subgroup
of t(SL(2n,R)) by its very definition (2.50). Any morphism between two nontrivial
subgroups of t(SL(2n,R)) induced by conjugation with a matrix from SL(2n,R),
is in fact induced by conjugation with a matrix from N(SL(2n,R)) and hence
from W (SL(2n,R)) [7, IV.2.5]. Thus A(W (SL), t(SL)) → A(SL(2n,R))≤t is a
category equivalence. The same argument can be used to identify the toral subcat-
egory for PSL(2n,R) (and it is actually a general fact that the inclusion functor
A(W (X), t(X)) → A(X)≤t is an equivalence of categories where t(X)→ X is the
maximal toral elementary abelian p-group in the connected p-compact groupX [47,
2.8]).
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Any nontrivial toral elementary abelian 2-group V ⊂ PSL(2n,R) with q(V ) = 0
is conjugate to a subgroup of Pt(SL) (4.4) since V ∗, the preimage (4.8) in GL(2n,R),
is conjugate to subgroup of t(SL) ⊂ t(PSL)∗ (4.9). AsA(PSL)≤t,q=0 is a full subcat-
egory of A(PSL)≤t = A(W (PSL), t(PSL)), this means that A(W (PSL), P t(SL))→
A(PSL)≤t,q=0 is a category equivalence.

We now specialize to full subcategory A(PSL(2n,R))≤t≤2 (2.50).
4.13. Proposition. The chart
A(PSL(2n,R))≤t≤2
Lines Planes
q = 0 q 6= 0 q = 0 q 6= 0
n even n/2 2 P (n, 3) + P (n, 4) n/2 + [n/4]
n odd [n/2] 1 P (n, 3) + P (n, 4) [n/2]
gives the number of isomorphism classes of toral objects of rank 1 and 2 in A(PSL(2n,R)).
When n is even, the n2 toral lines with q = 0 are L(2i, 2n − 2i), 1 ≤ i ≤ n2 ,
and the two toral lines with q 6= 0 are I and ID. The toral planes with q = 0 are
the planes P (2i0, 2i1, 2i2, 0) where (i0, i1, i2) is a partition of n into three natural
numbers, P (2i0, 2i1, 2i2, 2i3) where (i0, i1, i2, i3) is a partition of n into four natural
numbers, and the toral planes with q 6= 0 are I#L(i, n − i), 1 ≤ i ≤ n2 , and
I#L(i, n− i)D for even i.
When n is odd, the
[
n
2
]
toral lines with q = 0 are L(2i, 2n− 2i), 1 ≤ i ≤ [n2 ],
and the toral line with q 6= 0 is I. The toral planes with q = 0 are the planes
P (2i0, 2i1, 2i2, 0) where (i0, i1, i2) is a partition of n into three natural numbers,
P (2i0, 2i1, 2i2, 2i3) where (i0, i1, i2, i3) is a partition of n into four natural numbers,
and the toral planes with q 6= 0 are I#L(i, n− i), 1 ≤ i ≤ [n2 ].
In ( 4.14) and ( 4.15) we list the centralizers of the rank one objects and in
( 4.16) and ( 4.17) the centralizers of the rank two objects.
Proposition 4.13 is the conclusion of the following considerations.
For any partition i = (i0, i1) of n = i0 + i1 into a sum of two positive integers
i0 ≥ i1 ≥ 1 let L[i] = L[2i0, 2i1] ⊂ t(SL(2n,R)) ⊂ SL(2n,R) be the toral subgroup
generated by
diag(
i0︷ ︸︸ ︷
+E, . . . ,+E,
i1︷ ︸︸ ︷
−E, . . . ,−E)
Then the centralizer (of the image in PSL(2n,R)) of this subgroup is
(4.14) CPSL(2n,R)L[2i0, 2i1] =


SL(2i0,R)×SL(2ii,R)
〈−E〉 ⋊ 〈diag(D1, D2)〉 i0 6= i1
SL(2i0,R)
2
〈−E〉 ⋊
〈
diag(D1, D2),
(
O E
E 0
)〉
i0 = i1
where Dj = diag(−1, 1, . . . , 1) ∈ GL(2ij,R) are matrices of determinant −1. The
diagonal matrix diag(D1, D2) acts on the identity component of the centralizer by
the outer action on both factors. In the second case, which only occurs when n = 2i0
is even, the matrix
(
O E
E 0
)
acts by permuting the factors.
The element I ∈ t(PSL(2n,R))∗ ⊂ SL(2n,R) of order four generates an order
two toral subgroup of PSL(2n,R) with centralizer [47, 5.11]
(4.15) CPSL(2n,R)(I) =
{
GL(n,C)/〈−E〉 n odd
GL(n,C)/〈−E〉⋊ 〈c1 · · · cn〉 n even
where, in the even case, the component group acts on the identity component
through the unstable Adams operation ψ−1. The nontrivial outer automorphism of
PSL(2n,R) takes I to ID where I 6= ID if and only if n is even (9.4.(4)).
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For any partition i = (i0, i1, i2, 0) of n = i0+ i1+ i2 into a sum of three positive
integers i0 ≥ i1 ≥ i2 > 0 or any partition i = (i0, i1, i2, i3) of n = i0+i1+i2+i3 into
a sum of four positive integers i0 ≥ i1 ≥ i2 ≥ i3 > 0 let P [i] = P [2i0, 2i1, 2i2, 2i3] ⊂
t(SL(2n,R)) ⊂ SL(2n,R) be the subgroup generated by the two elements
diag(
i0︷ ︸︸ ︷
+E, . . . ,+E,
i1︷ ︸︸ ︷
−E, . . . ,−E,
i2︷ ︸︸ ︷
+E, . . . ,+E,
i3︷ ︸︸ ︷
−E, . . . ,−E)
diag(
i0︷ ︸︸ ︷
+E, . . . ,+E,
i1︷ ︸︸ ︷
+E, . . . ,+E,
i2︷ ︸︸ ︷
−E, . . . ,−E,
i3︷ ︸︸ ︷
−E, . . . ,−E)
The centralizers in PSL(2n,R) are
(4.16)
CPSL(2n,R)P (i) =


SL(2i0,R)
2×SL(2i2,R)
2
〈−E,−E,−E,−E〉 ⋊
(
ker
(
C
S(i)
2 → C2
)
⋊ Z/2
)
i = (2i0, 2i0, 2i2, 2i2)
SL(2i0,R)
4
〈−E,−E,−E,−E〉 ⋊
(
ker
(
C
S(i)
2 → C2
)
⋊ (Z/2× Z/2)
)
i = (2i0, 2i0, 2i0, 2i0)∏
S(i) SL(2ij ,R)
〈−E〉 ⋊ ker
(
C
S(i)
2 → C2
)
otherwise
where ker
(
C
S(i)
2 → C2
)
= 〈diag(D1, D2, E,E), diag(D1, E,D3, E), diag(D1, E,E,D4)〉
(when #S(i) = 4) is generated by diagonal matrices, Dj = diag(−1, 1, . . . , 1) ∈
GL(2ij,R), and
Z/2 =
〈
0 E 0 0
E 0 0 0
0 0 0 E
0 0 E 0


〉
, Z/2×Z/2 =
〈
0 E 0 0
E 0 0 0
0 0 0 E
0 0 E 0

 ,


0 0 E 0
0 0 0 E
E 0 0 0
0 E 0 0


〉
are generated by block permutation matrices. (The component group of the first
line is C2 × D8; the component group of second line is extra special of order 32
isomorphic to D8 ◦D8.)
For any partition i = (i0, i1) of n = i0 + i1 into a sum of two positive integers
i0 ≥ i1 > 0 let I#L[i0, i1] ⊂ PSL(2n,R) be the elementary abelian 2-group that is
the quotient of
(I#L[i0, i1])
∗ =
〈
I, diag(
i0︷ ︸︸ ︷
+E, . . . ,+E,
i1︷ ︸︸ ︷
−E, . . . ,−E)〉 ⊂ t(PSL(2n,R))∗
It follows that
(4.17) CPSL(2n,R)I#L(i0, i1) =


GL(i0,C)×GL(i1,C)
〈−E,−E〉 n odd
GL(i0,C)×GL(i1,C)
〈−E,−E〉 ⋊ 〈c1 · · · cn〉 n even, i0 6= i1
GL(i,C)×GL(i,C)
〈−E,−E〉 ⋊ 〈c1 · · · cn, P 〉 n even, i0 = i1
where P =
(
0 E
E 0
)
permutes the two identical factors.
4.18. Proposition. I#L(i, n− i) 6= I#L(i, n− i)D if and only if n and i are
even.
Proof. The automorphism group of 〈i〉 × 〈ε〉 = C4 × C2 = I#L(i, n − i)∗ is
the dihedral group of order eight
Aut(C4 × C2) =
〈
a, b | a4, b2, bab = a3〉
generated by the two automorphisms given by a(i) = iε, a(ε) = i2ε and b(i) = i,
b(ε) = i2ε. The automorphism a2 ∈ Aut(C4) ⊂ Aut(C4 × C2) is induced by
conjugation with the matrix
diag(P, . . . , P ), P =
(
0 1
1 0
)
,
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of determinant (−1)n. ThusA(SL(2n,R))(I#L(i, n−i)∗) 6= A(GL(2n,R))(I#L(i, n−
i)∗) and I#L(i, n− i) = I#L(i, n− i)D when n is odd (9.2).
Assume now that n is even. The group of trace preserving automorphisms
A(GL(2n,R))(C4 × C2) =
{〈
a2, ba
〉
2i < n
Aut(C4 × C2) 2i = n
has index 2 in general but is actually equal to the full automorphism group in case
i = n/2. The conjugating matrix for ba is
diag(
i︷ ︸︸ ︷
P, . . . , P ,
n−i︷ ︸︸ ︷
E, . . . , E)
of determinant (−1)i. Thus I#L(i, n− i) = I#L(i, n− i)D when i is odd. If n = 2i
then the conjugating matrices for the automorphisms a and b are
(
0 E
E 0
)
diag(
i︷ ︸︸ ︷
P, . . . , P ,
i︷ ︸︸ ︷
E, . . . , E) and
(
0 E
E 0
)
The permutation matrix for b has positive determinant and the matrix for a has
determinant (−1)i. Thus I#L(i, n− i) = I#L(i, n− i)D if and only if i is odd. 
2. Centralizers of objects of A(PSL(2n,R))≤t≤2 are LHS
In this section we check that all toral objects of rank ≤ 2 have LHS (2.26)
centralizers.
4.19. Lemma. The centralizers of the objects of A(PSL(2n,R))≤t≤2,
(1) GL(i,C)/〈−E〉⋊ C2, 1 ≤ i (4.15)
(2) SL(2i0,R) ◦ SL(2i1,R)⋊ C2, 1 ≤ i0 < i1 (4.14)
(3) (SL(2i,R) ◦ SL(2i,R))⋊ (C2 × C2), 1 ≤ i (4.14)
(4) CPSL(2n,R)(V ), q(V ) = 0 (4.16)
(5) CPSL(2n,R)(V ), q(V ) 6= 0 (4.17)
are LHS.
The cases of interest here are summarized in the following charts, obtained by
use of a computer, for rank one centralizers with quadratic form q = 0 (4.14)
SL(2i0,R) ◦ SL(2i1,R) ker θ Hom(W, TˇW ) H1(W ; Tˇ ) θ
1 = i0, 2 = i1 (Z/2)
2 (Z/2)2 Z/2 0
1 = i0, 3 = i1 0 Z/2 (Z/2)
2 mono
1 = i0, 4 ≤ i1 0 Z/2 Z/2 iso
2 = i0 < i1 (Z/2)
2 (Z/2)3 Z/2 epi
3 ≤ i0 < i1 0 (Z/2)2 (Z/2)2 iso
SL(2i,R) ◦ SL(2i,R) ker θ Hom(W, TˇW ) H1(W ; Tˇ ) θ
i = 2 (Z/2)4 (Z/2)4 (Z/2)3 0
i ≥ 3 0 (Z/2)2 (Z/2)2 iso
and q 6= 0 (4.15)
GL(i,C)/ 〈−E〉 ker θ Hom(W ; TˇW ) H1(W ; Tˇ ) θ
i = 2 Z/2 (Z/2)2 Z/2 epi
i = 3 0 Z/2 Z/2 iso
i = 4 0 Z/2 (Z/2)2 mono
i > 4 0 Z/2 Z/2 iso
and for rank two centralizers with quadratic form q = 0 (4.16)
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SL(2i0,R)
2 ◦ SL(2i1,R)2 ker θ Hom(W ; TˇW ) H1(W ; Tˇ ) θ
1 = i0, 2 = i1 (Z/2)
4 (Z/2)12 (Z/2)8 epi
1 = i0, 2 < i1 0 (Z/2)
6 (Z/2)6 iso
2 = i0 < i1 (Z/2)
4 (Z/2)18 (Z/2)14 epi
2 < i0 < i1 0 (Z/2)
12 (Z/2)12 iso∏2
j=0 SL(2ij,R)/ 〈−E〉 ker θ Hom(W ; TˇW ) H1(W ; Tˇ ) θ
1 = i0, 2 = i1 < i2 (Z/2)
2 (Z/2)6 (Z/2)4 epi
1 = i0, 2 < i1 < i2 0 (Z/2)
4 (Z/2)4 iso
2 = i0 < i1 < i2 (Z/2)
2 (Z/2)8 (Z/2)6 epi
2 < i0 < i1 < i2 0 (Z/2)
6 (Z/2)6 iso∏3
j=0 SL(2ij,R)/ 〈−E〉 ker θ Hom(W ; TˇW ) H1(W ; Tˇ ) θ
1 = i0, 2 = i1 < i2 < i3 (Z/2)
2 (Z/2)12 (Z/2)10 epi
1 = i0, 2 < i1 < i2 < i3 0 (Z/2)
9 (Z/2)9 iso
2 = i0 < i1 < i2 < i3 (Z/2)
2 (Z/2)15 (Z/2)13 epi
2 < i0 < i1 < i2 < i3 0 (Z/2)
12 (Z/2)12 iso
SL(2i,R)4/ 〈−E〉 ker θ Hom(W ; TˇW ) H1(W ; Tˇ ) θ
2 = i (Z/2)8 (Z/2)24 (Z/2)16 epi
3 ≤ i 0 (Z/2)12 (Z/2)12 iso
and with quadratic form q 6= 0 (4.17)
GL(i0,C) ◦GL(i1,C) ker θ Hom(W ; TˇW ) H1(W ; Tˇ ) θ
1 = i0, 2 = i1 Z/2 (Z/2)
2 Z/2 epi
1 = i0, 2 < i1 0 (Z/2)
2 (Z/2)2 iso
2 = i0 < i1 Z/2 (Z/2)
4 (Z/2)3 epi
2 < i0 < i1 0 (Z/2)
4 (Z/2)4 iso
GL(i,C) ◦GL(i,C) ker θ Hom(W ; TˇW ) H1(W ; Tˇ ) θ
2 = i (Z/2)2 (Z/2)4 (Z/2)3
3 ≤ i 0 (Z/2)4 (Z/2)4 iso
Proof of Lemma 4.19. (1) Let X = GL(i,C)/〈−E〉⋊C2 for i ≥ 1. Since the
Weyl group for X is a direct product W =W0 × C2, X is LHS.
(2) Let X = (SL(2i0,R) ◦ SL(2i1,R)) ⋊ C2 for 1 ≤ i0 < i1. The first problematic
case is when i0 = 1 and i1 = 2 or 3. In this case, explicit computer computation
results in the chart
SL(2,R) ◦ SL(2i1,R))⋊ C2 H1(π; TˇW0) H1(W ; Tˇ ) H1(W0; Tˇ ) H1(W0; Tˇ )pi
i1 = 2 0 Z/2 Z/2 Z/2
i1 = 3 0 (Z/2)
2 (Z/2)2 (Z/2)2
showing that X is LHS. The second problematic case is 2 = i0 < i1 where θ(X0) is
epimorphic. Since H1(W0; Tˇ ) = Z/2, also θ(X0)
pi is epimorphic so that X is LHS
(2.28).
(3) Let X = (SL(2i,R) ◦ SL(2i,R)) ⋊ (C2 × C2) for i ≥ 1. X is a 2-compact
toral group when i = 1 and hence obviously LHS. For i ≥ 2 explicit computer
computation gives
(SL(2i,R) ◦ SL(2i,R))⋊ (C2 × C2) H1(π; TˇW0) H1(W ; Tˇ ) H1(W0; Tˇ ) H1(W0; Tˇ )pi
i = 2 (Z/2)2 (Z/2)4 (Z/2)3 (Z/2)2
i ≥ 3 (Z/2)2 (Z/2)3 (Z/2)2 Z/2
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so X is manifestly LHS for i = 2. For i > 2, θ(X0) is bijective so X is LHS (2.28).
(4) Let X = (SL(2i,R)4/ 〈−E〉)⋊(D8◦D8) for i ≥ 1. When i = 1, X is a 2-compact
toral group which are all LHS. When i = 2 explicit computer computation gives
(SL(2i,R)4/ 〈−E〉)⋊ (D8 ◦D8) H1(π; TˇW0) H1(W ; Tˇ ) H1(W0; Tˇ ) H1(W0; Tˇ )pi
i = 2 (Z/2)7 (Z/2)9 (Z/2)16 (Z/2)2
so X is LHS by definition. For i > 2, θ(X0) is bijective.
(5) LetX = (SL(2i0,R)
2◦SL(2i1,R)2)⋊(C2×D8) for 1 ≤ i0 < i1. The problematic
cases are i0 = 1, i1 = 2 and 2 = i0 < i1 where θ(X0) is surjective but not bijective.
With the help of computer computations we obtain the table
(SL(2i0,R)
2 ◦ SL(2i1,R)2)⋊ (D8 × C2) H1(π; TˇW0) H1(W ; Tˇ ) H1(W0; Tˇ ) H1(W0; Tˇ )pi
i0 = 1, i1 = 2 (Z/2)
5 (Z/2)7 (Z/2)8 (Z/2)2
i0 = 2, 3 ≤ i1 (Z/2)6 (Z/2)11 (Z/2)14 (Z/2)5
showing that X is LHS in these cases also.
(6) Let X =
∏2
j=0 SL(2ij ,R)
〈−E〉 ⋊C
2
2 . The problematic cases are 1 = i0, 2 = i1 < i2 and
2 = i0 < i1 < i2. With the help of computer computations we obtain the table∏3
j=0 SL(2ij ,R)
〈−E〉 ⋊ C
2
2 H
1(π; TˇW0) H1(W ; Tˇ ) H1(W0; Tˇ ) H
1(W0; Tˇ )
pi
i0 = 1, 2 = i1 < i2 (Z/2)
3 (Z/2)6 (Z/2)4 (Z/2)3
2 = i0 < i1 < i2 (Z/2)
4 (Z/2)9 (Z/2)6 (Z/2)5
showing that X is LHS in these cases also.
(7) Let X =
∏3
j=0 SL(2ij ,R)
〈−E〉 ⋊C
3
2 . The problematic cases are 1 = i0, 2 = i1 < i2 < i3
and 2 = i0 < i1 < i2 < i3. With the help of computer computations we obtain the
table∏3
j=0 SL(2ij ,R)
〈−E〉 ⋊ C
3
2 H
1(π; TˇW0) H1(W ; Tˇ ) H1(W0; Tˇ ) H
1(W0; Tˇ )
pi
i0 = 1, 2 = i1 < i2 < i3 (Z/2)
8 (Z/2)16 (Z/2)10 (Z/2)8
2 = i0 < i1 < i2 < i3 (Z/2)
9 (Z/2)20 (Z/2)13 (Z/2)11
showing that X is LHS in these cases also.
(8) The 2-compact group (GL(i,C)◦GL(i,C))⋊(Z/2×Z/2) is LHS for i > 2 where
θ is bijective. When i = 2 we find
(GL(i,C) ◦GL(i,C))⋊ (C2 × C2) H1(π; TˇW0) H1(W ; Tˇ ) H1(W0; Tˇ ) H1(W0; Tˇ )pi
i = 2 (Z/2)2 (Z/2)4 (Z/2)3 (Z/2)2
so X is also LHS in this case.
(9) Let X = GL(i0,C) ◦GL(i1,C)⋊C2, 1 ≤ i0 < i1. Since the identity component
has surjective θ-homomorphism and the component group π = C2 acts trivially on
H1(W0; Tˇ ), X is LHS by 2.28. The values of the relevant cohomology groups are
(GL(i0,C) ◦GL(i1,C))⋊ C2 H1(π; TˇW0) H1(W ; Tˇ ) H1(W0; Tˇ ) H1(W0; Tˇ )pi
1 = i0, 2 = i1 0 Z/2 Z/2 Z/2
1 = i0, 2 < i1 0 (Z/2)
2 (Z/2)2 (Z/2)2
2 = i0 < i1 0 (Z/2)
3 (Z/2)3 (Z/2)3
2 < i0 < i1 0 (Z/2)
4 (Z/2)4 (Z/2)4
according to computer computations. 
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3. The limit of the functor H1(W0; Tˇ )
W/W0 on A(PSL(2n,R))≤t≤2
LetH1(W0; Tˇ ) : A(PSL(2n,R))
≤t
≤t → Ab be the functor that takes the toral ele-
mentary abelian 2-group V ⊂ t(PSL(2n,R)) to the abelian groupH1(W0(CPSL(2n,R)(V ); Tˇ )),
and H1(W0; Tˇ )
W/W0 the functor that takes V to the the invariants for the action
of the component group π0CPSL(2n,R)(V ) on this first cohomology group (2.53).
4.20. Proposition. The restriction map
H1(W (PSL(2n,R); Tˇ )→ lim0(A(PSL(2n,R))≤t≤2, H1(W0; Tˇ )W/W0)
is an isomorphism for all n ≥ 4.
Proof. Consider first that case where n = 4. The 2-compact group X =
PSL(8,R) contains (4.13) the four rank one elementary abelian 2-groupsL(2, 6), L(4, 4), I, ID
with centralizers SL(2,R)◦SL(6,R)⋊C2, SL(4,R)◦SL(4,R)⋊(C2×C2), GL(4,C)/ 〈−E〉
(twice). The claim of the proposition follows from the fact, verifiable by computer
computations, that in all four cases, the restrictionH1(W ; Tˇ (X))→ H1(W0(CX(L)); Tˇ )W/W0
happens to be isomorphism.
For n > 4, the claim is that the limit of the functor H1(W0; Tˇ )
W/W0 is trivial.
In fact, even the limit of the functor H1(W0; Tˇ ) is trivial. To see this, recall (4.13)
that PSL(2n,R) contains the toral lines L(2i, 2n − 2i), 1 ≤ i ≤ [n/2], I and also
ID when n is even. Computer computations show that the morphisms
H1(W0; Tˇ )(L(2, 2n− 2)) →֒ H1(W0; Tˇ )(I#L(1, n− 1)) ←֓ H1(W0; Tˇ )(I)
are injective with and that their images intersect trivially. When n ≥ 6 is even, also
the images of the injective morphisms
H1(W0; Tˇ )(L(4, 2n− 4)) →֒ H1(W0; Tˇ )(I#L(2, n− 2)D) ←֓ H1(W0; Tˇ )(ID)
intersect trivially. More computer computations show that, similarly, the mor-
phisms
H1(W0; Tˇ )(L(2i, 2n−2i)) →֒ H1(W0; Tˇ )(I#L(i, n−i)) ←֓ H1(W0; Tˇ )(I), 1 ≤ i ≤ [n/2],
are injective with and that their images intersect trivially. 
4. Rank two nontoral objects of A(PSL(2n,R))
In this section we take a closer look at the nontoral rank two objects ofA(PSL(2n,R))
in order to verify the conditions of 2.63.
Nontoral rank two objects P of PSL(2n,R) satisfy either q(P ) = 0 or [P, P ] 6= 0
(4.10) and the latter case only occurs if n is even.
q(P ) = 0: For any partition i0 ≥ ii ≥ i2 ≥ i3 ≥ 1, let
P [i0, i1, i2, i3]
∗ =
〈
(+1)i0(−1)i1(+1)i2(−1)i3 , (+1)i0(+1)i1(−1)i2(−1)i3 ,−E〉 ⊂ ∆2n,
P [i0, i1, i2, i3] = P [i0, i1, i2, i3]
∗/ 〈−E〉 ⊂ P∆2n
where we apply the notation from notation from 3.§1. Then P [i0, i1, i2, i3]∗ ⊂ S∆2n
if and only if i0, i1, i2, and i3 all have the same parity and P [i0, i1, i2, i3]
∗ is nontoral
iff this parity is odd. It follows that the set of isomorphism classes of nontoral rank
two objects ofA(PSL(2n,R))q=0 corresponds bijectively to the P (n+2, 4) partitions
i = [i0, i1, i2, i3] of n+ 2 into sums of 4 natural numbers, n+ 2 = i0 + i1 + i2 + i3,
i0 ≥ i1 ≥ i2 ≥ i3 ≥ 1. The correspondence is via the map
i = [i0, i1, i2, i3]→ P [i] = P [2i0 − 1, 2i1 − 1, 2i2 − 1, 2i3 − 1]
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that to the partition i = [i0, i1, i2, i3] associates the quotient P [i] ⊂ PS∆2n of
P [i]∗ ⊂ S∆2n generated by the three elements
v1 = diag(
2i0−1︷ ︸︸ ︷
+1, . . . ,+1,
2i1−1︷ ︸︸ ︷
−1, . . . ,−1,
2i2−1︷ ︸︸ ︷
+1, . . . ,+1,
2i3−1︷ ︸︸ ︷
−1, . . . ,−1)
v2 = diag(
2i0−1︷ ︸︸ ︷
+1, . . . ,+1,
2i1−1︷ ︸︸ ︷
+1, . . . ,+1,
2i2−1︷ ︸︸ ︷
−1, . . . ,−1,
2i3−1︷ ︸︸ ︷
−1, . . . ,−1),
v3 = diag(−1, . . . ,−1)
The centralizer of P [i]∗ in SL(2n,R) is
CSL(2n,R)(P [i]
∗) = SL(2n,R) ∩CSL(2n,R)(P [i]∗)
= SL(2n,R) ∩
( 3∏
j=0
GL(2ij − 1,R)
)
= P [i]∗ ×
3∏
j=0
SL(2ij − 1,R)
and centralizer of P [i] in PSL(2n,R) is therefore [47, 5.11]
(4.21) CPSL(2n,R)(P [i]) = P [i]×
( 3∏
j=0
SL(2ij − 1,R)
)
⋊ P [i]∨i
where P [i]∨i is a group of permutation matrices isomorphic to C2 if i = [i0, i0, i2, i2],
to C2 × C2 if i = [i0, i0, i0, i0], and trivial in all other cases. Note that P [i]∗ is
contained in N(SL(2n,R)) = SL(2n,R) ∩GL(2,R) ≀ Σn because we may write
v1 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,R,
i1−1︷ ︸︸ ︷
−E, . . . ,−E,
i2−1︷ ︸︸ ︷
E, . . . , E,R,
i3−1︷ ︸︸ ︷
−E, . . . ,−E), R =
(
1 0
0 −1
)(4.22)
v2 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,E,
i1−1︷ ︸︸ ︷
E, . . . , E,
i2−1︷ ︸︸ ︷
−E, . . . ,−E,−E,
i3−1︷ ︸︸ ︷
−E, . . . ,−E)
(4.23)
and that the centralizer of P [i]∗ there is
CN(SL(2n,R))(P [i]
∗) = SL(2n,R) ∩ CGL(2,R)≀Σn(v1) ∩ CGL(2,R)≀Σn(v2)
(9.10)
= SL(2n,R)∩CGL(2,R)≀(Σi0+i1−1×Σi2+i3−1)(v1)
(9.10)
= P [i]∗×
( 3∏
j=0
GL(2,R)≀Σij−1
)
It follows that the centralizer of P [i] in N(PSL(2n,R)) is
CN(PSL(2n,R))(P [i]) = P [i]×
( 3∏
j=0
GL(2,R) ≀Σij−1
)
⋊P [i]∨i = N(CPSL(2n,R)(P [i]))
For instance, if i = [i0, i0, i2, i2], then P [i]
∨
i is the group of order two generated by
diag(C0, C2) ∈ N(PSL(2n,R)) where C0 is the (4i0 − 2)× (4i0 − 2) matrix
0 0 E0 T 0
E 0 0

 , T = (0 1
1 0
)
and C2 is a similar (4i2 − 2) × (4i2 − 2) matrix. Thus P [i] ⊂ N(PSL(2n,R)) is a
preferred lift [45] of P [i] ⊂ PSL(2n,R). The two other preferred lifts [44, 6.2] of
P [i] ⊂ PSL(2n,R) are obtained by composing the inclusion P [i] ⊂ N(PSL(2n,R))
with the inner automorphism given by the permutation matrices (1, 2)(2i0, 2n −
2i3 + 1)
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(
2i0−1︷ ︸︸ ︷
+1,+1, . . . ,+1,
2i1−1︷ ︸︸ ︷
−1, . . . ,−1,
2i2−1︷ ︸︸ ︷
+1, . . . ,+1,
2i3−1︷ ︸︸ ︷
−1, . . . ,−1)
✻ ✻✻ ✻
(
2i0−1︷ ︸︸ ︷
+1,+1, . . . ,+1,
2i1−1︷ ︸︸ ︷
+1, . . . ,+1,
2i2−1︷ ︸︸ ︷
−1, . . . ,−1,
2i3−1︷ ︸︸ ︷
−1, . . . ,−1)
✻ ✻ ✻ ✻
and (1, 2)(2i0, 2n− 2i3 + 2)
(
2i0−1︷ ︸︸ ︷
+1,+1, . . . ,+1,
2i1−1︷ ︸︸ ︷
−1, . . . ,−1,
2i2−1︷ ︸︸ ︷
+1, . . . ,+1,
2i3−1︷ ︸︸ ︷
−1, . . . ,−1)
✻ ✻✻ ✻
(
2i0−1︷ ︸︸ ︷
+1,+1, . . . ,+1,
2i1−1︷ ︸︸ ︷
+1, . . . ,+1,
2i2−1︷ ︸︸ ︷
−1, . . . ,−1,
2i3−1︷ ︸︸ ︷
−1, . . . ,−1)
✻ ✻ ✻ ✻
taking v1 and v2 as in (4.22, 4.23) to
v1 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,E,
i1−1︷ ︸︸ ︷
−E, . . . ,−E,
i2−1︷ ︸︸ ︷
E, . . . , E,−E,
i3−1︷ ︸︸ ︷
−E, . . . ,−E),
v2 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,R,
i1−1︷ ︸︸ ︷
E, . . . , E,
i2−1︷ ︸︸ ︷
−E, . . . ,−E,R,
i3−1︷ ︸︸ ︷
−E, . . . ,−E)
respectively to
v1 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,R,
i1−1︷ ︸︸ ︷
−E, . . . ,−E,
i2−1︷ ︸︸ ︷
E, . . . , E,R,
i3−1︷ ︸︸ ︷
−E, . . . ,−E),
v2 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,R,
i1−1︷ ︸︸ ︷
E, . . . , E,
i2−1︷ ︸︸ ︷
−E, . . . ,−E,R,
i3−1︷ ︸︸ ︷
−E, . . . ,−E)
In the same way as above, we see that these are really preferred lifts of P [i]. The
three lifts are not conjugate in N(PSL(2n,R)) because the intersection with the
maximal torus is v2 in case (4.22, 4.23) but v1 and v1+v2 in the two other cases. Ob-
serve that all three preferred lifts of P [i] have the same image in W (PSL(2n,R)) =
π0N(PSL(2n,R)) ⊂ π0GL(2,R)≀Σn. Observe also that the inclusion P [i]×P [i]∨i →
CPSL(2n,R)(P [i]) induces an isomorphism on component groups and that the cen-
tralizer
CPSL(2n,R)(P [i]× P [i]∨i ) = CCPSL(2n,R)(P [i])(P [i]∨i )
=


P [i]× SL(2i0 − 1,R) i = [i0, i0, i0, i0]
P [i]× SL(2i0 − 1,R)× SL(2i2 − 1,R) i = [i0, i0, i2, i2]
CPSL(2n,R)(P [i]) otherwise
has nontrivial identity component when n > 2.
[P, P ] 6= 0: A(PSL(4n,R)) contains (up to isomorphism) four rank two objects with
nontrivial inner product, namely H+, H
D
+ , H−, and H
D
− where H± is the image of
21+2± ⊂ SL(2n,R) (4.50).
The extraspecial 2-group 21+2+ ⊂ SL(4n,R) is described in 9.4.(6) or, alterna-
tively, in 9.7 as
21+2+ =
〈
diag
( n︷ ︸︸ ︷(
E 0
0 −E
)
, . . . ,
(
E 0
0 −E
))
, diag
( n︷ ︸︸ ︷(
0 E
E 0
)
, . . . ,
(
0 E
E 0
))〉
= 〈g1, g2〉
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Note that 21+2+ is contained in N(SL(4n,R)) = SL(4n,R) ∩ (GL(2,R) ≀ Σ2n) and
that its centralizer there is
CN(SL(4n,R))(2
1+2
+ ) = SL(4n,R) ∩ CGL(4n,R)(v1) ∩ CGL(2,R)≀Σ2n(v2)
(9.10)
= SL(4n,R) ∩ CGL(2,R)n⋊(C2≀Σn)(v1) = GL(2,R) ≀ Σn = N(GL(2n,R))
It follows, as in 4.50, that the centralizer of H+ in N(PSL(4n,R)) is
CN(SL(4n,R))(H+) = H+ × CN(SL(4n,R))(21+2+ )/ 〈−E〉 = N(H+ × PGL(2n,R))
which means thatH+ ⊂ N(PSL(4n,R)) is a preferred lift ofH+ ⊂ PSL(4n,R). An-
other preferred lift can be obtained by pre-composing the inclusionH+ ⊂ N(PSL(4n,R))
with the nontrivial automorphism in A(PSL(4n,R))(H+) = O
+(2,F2). The final
preferred lift is
(21+2+ )
diag(
n︷ ︸︸ ︷
B, . . . , B) =
〈
−(g1g2)diag(B,...,B), gdiag(B,...,B)2
〉
, B =
1√
2
(
E I
I E
)
,
− (g1g2)diag(B,...,B) = diag
((
I 0
0 −I
)
, . . . ,
(
I 0
0 −I
))
, gB2 = g2
Also this subgroup is actually contained in the maximal torus normalizer with
centralizer
CN(SL(4n,R))(2
1+2
+ )
diag(B,...,B) = SL(4n,R)∩CGL(2,R)≀Σ2n
(−(g1g2)diag(B,...,B))∩CGL(4n,R)(g2)
(9.10)
= (GL(1,C)2⋊C2)≀Σn∩CGL(4n,R)(g2) = (GL(1,C)⋊C2)≀Σn = N(GL(2n,R))
where
C2 =
〈(
0 T
T 0
)〉
, T =
(
0 1
1 0
)
Observe that, for all three preferred lifts of H+, the image in the Weyl group
W (PSL(4n,R)) = π0N(PSL(4n,R)) ⊂ π0GL(2,R) ≀ Σ2n is the order 2 subgroup
of Σ2n generated by the permutation (1, 2)(3, 4) · · · (2n − 1, 2n). Observe also the
inclusion H+#L(1, 2n − 1) → CPSL(4n,R)(H+) (4.39) induces an isomorphism on
component groups and that the centralizer CPSL(4n,R)(H+#L(1, 2n− 1)) has non-
trivial identity component (according to the proof of 4.54) when n ≥ 2.
The extraspecial 2-group 21+2− ⊂ SL(4n,R) is described in 9.4.(7) or, alterna-
tively, in 9.7 as
21+2− =
〈
diag
( n︷ ︸︸ ︷(
I 0
0 −I
)
, . . . ,
(
I 0
0 −I
))
, diag
( n︷ ︸︸ ︷(
0 I
I 0
)
, . . . ,
(
0 I
I 0
))〉
= 〈g1, g2〉
Note that 21+2− is contained in N(SL(4n,R)) = SL(4n,R) ∩ (GL(2,R) ≀ Σ2n) and
that its centralizer there is
CN(SL(4n,R))(2
1+2
− ) = SL(4n,R) ∩ CGL(2,R)≀Σ2n(g1) ∩CGL(4n,R)(g2)
(9.10)
= (GL(1,C)2⋊C2)≀Σn∩CGL(4n,R)(g2) =
〈
GL(1,C),
(
0 T
−T 0
)〉
≀Σn (1)= N(GL(n,H))
It follows, as in 4.50, that the centralizer of H− in N(PSL(4n,R)) is
CN(SL(4n,R))(H−) = H− × CN(SL(4n,R))(21+2+ )/ 〈−E〉 = N(H− × PGL(n,H))
which means that H− ⊂ N(PSL(4n,R)) is a preferred lift of H− ⊂ PSL(4n,R).
The two other preferred lifts can be obtained by pre-composing the inclusion H− ⊂
N(PSL(4n,R)) with the nontrivial automorphisms inA(PSL(4n,R))(H−) = O
−(2,F2) =
Sp(2,F2) = GL(2,F2). Observe that, for all three preferred lifts of H−, the image
in the Weyl group W (PSL(4n,R)) = π0N(PSL(4n,R)) ⊂ π0GL(2,R) ≀ Σ2n is the
order 2 subgroup of Σ2n generated by (1, 2)(3, 4) · · · (2n− 1, 2n). Observe also that
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H− is contained in the rank three subgroupH+#L(1, n−1) (4.41) whose centralizer
has a nontrivial identity component when n ≥ 2 (according to the proof of 4.54).
We conclude that for every nontoral rank two object P of A(PSL(2n,R)) the
identity component CPSL(2n,R)(P )0 of the centralizer is center-less. By (part of)
[42, 5.2], the homomorphism
Aut(CPSL(2n,R)(P ))→ Aut(π0CPSL(2n,R)(P ))×Aut(CPSL(2n,R)(P )0),
obtained by applying the functors π0 and ( )0, is injective. Under the inductive
assumption that CPSL(2n,R)(P )0 (see (4.21) and (4.50)) has π∗(N)-determined au-
tomorphisms it then follows from Lemma 2.63 and diagram (2.64) that condition
(3) of Theorem 2.51 is satisfied.
5. Limits over the Quillen category of PSL(2n,R)
In this section we show that the problem of computing the higher limits of the
functors πi(BZCPSL(2n,R)), i = 1, 2, (2.47) is concentrated on objects of the Quillen
category with q 6= 0.
4.24. Lemma. Let V ⊂ PS∆2n ( 4.4) be a nontrivial subgroup representing an
object of the category A(PSL(2n,R))q=0 = A(Σ2n, PS∆2n) ( 4.12). Then
ZCPSL(2n,R)(V ) = PS∆
Σ2n(V )
2n
where Σ2n(V ) ⊂ Σ2n is the point-wise stabilizer subgroup ( 2.68).
Proof. Let ν∗ : V → S∆2n be a lift to SL(2n,R) of the inclusion homomor-
phism of V into PSL(2n,R). Then
CSL(2n,R)(ν
∗V ) = SL(2n,R) ∩
∏
ρ∈V ∨
GL(iρ,R), Σ2n(ν
∗V ) =
∏
ρ∈V ∨
Σiρ
where i : V ∨ → Z records the multiplicity of each ρ ∈ V ∨ in the representation ν∗.
Write
ν∗(v) = diag(
i1︷ ︸︸ ︷
ρ1(v), . . . , ρ1(v), . . . ,
im︷ ︸︸ ︷
ρm(v), . . . , ρm(v))
where ρ1, . . . , ρm ∈ V ∨ = Hom(V,C2) are pairwise distinct homomorphisms V →
C2 = 〈±1〉 and i1 + · · · + im = 2n. There is a corresponding decomposition
{1, . . . , 2n} = I1 ∪ · · · ∪ Im of the set {1, . . . , 2n} into k disjoint subsets Ij con-
taining ij elements.
Using [47, 5.11] and 9.20 we get that
CPSL(2n,R)(V ) =
CSL(2n,R)(ν
∗V )
〈−E〉 ⋊ V
∨
ν∗ , Σ2n(V ) = Σ2n(ν
∗V )⋊ V ∨ν∗
where V ∨ν∗ = {ζ ∈ Hom(V,GL(1,R)) | ∀ρ ∈ V ∨ : iζρ = iρ}. Suppose that ζ is a
nontrivial element of V ∨ν∗ . Choose a vector v ∈ V such that ζ(v) = −1. Then the
determinant of ν∗(v) is (−1)n for ν∗(v) consists of an equal number of +1 and −1.
Thus n is even. Let σ be the permutation associated to ζ that moves the subset
Ij monotonically to Ik where ζρj = ρk. Then σ is even for it is a product of n
transpositions. In this way we imbed V ∨ν∗ as a subgroup of the alternating group
A2n ⊂ PSL(2n,R) to obtain the semi-direct products.
The center of the centralizer is
ZCPSL(2n,R)(V ) = Z
(∏
SL(2n,R) ∩GL(iρ,R)
〈−E〉 ⋊ V
∨
ν∗
)
(9.14)
= Z
(∏
SL(2n,R) ∩GL(iρ,R)
〈−E〉
)V ∨ν∗
(9.18)
=
(
SL(2n,R) ∩∏ZGL(iρ,R)
〈−E〉
)V ∨ν∗
=
(
S∆
Σ2n(ν
∗V )
2n
〈−E〉
)V ∨ν∗
=
(
PS∆
Σ2n(ν
∗V )
2n
)V ∨ν∗
= PS∆
Σ2n(V )
2n
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where the penultimate equlity sign is justified by observing that the coefficient group
homomorphismH1(Σ2n(ν
∗V ); 〈−E〉)→ H1(Σ2n(ν∗V );S∆2n)→ H1(Σ2n(ν∗V );∆2n)
is injective. 
Let πi(BZC) = πi(BZCPSL(2n,R)) (2.47).
4.25. Corollary. lim∗(A(PSL(2n,R))q=0, πi(BZC)) = 0 for n ≥ 2 and i =
1, 2.
Proof. This is obvious for i = 2 as π2(BZC) = 0. For i = 1, use 2.69 to
compute the limits of the functor π1(BZC)(V ) = PS∆
Σ2n(V )
2n (4.24). The fixed-
point group PSDΣ2n2n = 0 since PSD2n is an irreducible F2Σ2n-module of dimension
2n− 2 for n ≥ 2. 
4.26. Lemma. Let V ⊂ Pt(SL) = Pt(SL(2n,R)) ( 4.4) be a nontrivial subgroup
representing an object of the category A(A2n∩(Σ2≀Σn), P t(SL)) = A(PSL(2n,R))≤t,q=0
( 4.12). Then
ZCPSL(2n,R)(V ) = Pt(SL)
(A2n∩(Σ2≀Σn))(V )
where (A2n ∩ (Σ2 ≀ Σn))(V ) is the point-wise stabilizer subgroup ( 2.68).
Proof. The point-wise stabilizer subgroups are
(4.27) (A2n ∩ (Σ2 ≀ Σn))(V ) = A2n ∩ Σ2n(V ), Σ2n(V ) = Σn2 ⋊ Σn(V )
Because these stabilizer subgroup have these particular forms and PS∆
Σn2
2n = Pt(SL),
we get
ZCPSL(2n,R)(V ) = PS∆
Σ2n(V )
2n = PS∆
Σn2⋊Σn(V )
2n = Pt(SL)
Σn(V ) = Pt(SL)A2n∩(Σ
n
2∩Σn(V ))
from 4.24 
4.28. Corollary. lim∗(A(PSL(2n,R))≤t,q=0, πi(BZC)) = 0 for n ≥ 2 and
i = 1, 2.
Proof. Similar to 4.25 but usingH0(A2n∩(Σ2≀Σn);Pt(SL)) = H0(Σn;Pt(SL)) =
0. 
4.29. Lemma. Let V ⊂ t(PSL) = t(PSL(2n,R)) ( 4.4) be a nontrivial subgroup
representing an object of the category A(A2n∩(Σ2 ≀Σn), t(PSL)) = A(PSL(2n,R))≤t
( 4.12) where n ≥ 32. Then
ZˇCPSL(2n,R)(V ) = Tˇ
(A2n∩(Σ2≀Σn))(V )
where Tˇ = Tˇ (PSL(2n,R)) is the discrete approximation [18, §3] to the maximal
torus of PSL(2n,R) and (A2n ∩ (Σ2 ≀ Σn))(V ) is the point-wise stabilizer subgroup
of V ( 2.68).
Proof. Consider first the case where V ⊂ Pt(SL) ⊂ t(PSL). One checks that
TˇA2n∩Σ
n
2 = Pt(SL) for n > 2. Since (A2n ∩ (Σ2 ≀ Σn))(V ) ⊃ A2n ∩ Σn2 we get
ZCPSL(2n,R)(V )
4.26
= Pt(SL)(A2n∩(Σ2≀Σn))(V ) = Tˇ (A2n∩(Σ2≀Σn))(V )
in this case.
Consider next the case where V ∗, the preimage of V in SL(2n,R), contains
I (4.5) so that V ∗ = 〈I, U〉 (4.8) for some (possibly trivial) elementary abelian
2-group U ⊂ t(SL) ⊂ CSL(2n,R)(C4) = GL(n,C). Then
CSL(2n,R)(V
∗) =
∏
ρ∈U∨
GL(iρ,C), (Σ2 ≀ Σn)(V ∗) = Σn(U) ⊂ A2n
where i : U∨ → Z records the multiplicity of the linear character ρ ∈ U∨ in the
representation ν∗ : U → GL(n,C) and Σn(U) is point-wise stabilizer subgroup for
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the action of Σn = W (GL(n,C)) on t(SL) = t(GL(n,C)) = 〈e1, . . . en〉. It now
follows [47, 5.11] and 9.20, as in (4.15) and (4.17), that
CPSL(2n,R)(V ) =
{
CSL(2n,R)(V
∗)
〈−E〉 n odd
CSL(2n,R)(V
∗)
〈−E〉 ⋊ (U
∨
ν∗ × 〈c1 · · · cn〉) n even
A2n ⊃ (Σ2 ≀ Σn)(V ) =
{
Σn(U) n odd
Σn(U)⋊ (U
∨
ν∗ × 〈c1 · · · cn〉) n even
where U∨ν∗ = {ζ ∈ U∨ = Hom(U, 〈−E〉) | ∀ρ ∈ U∨ : iζρ = iρ} can be realized
as a subgroup of Σn and 〈c1 · · · cn〉 is the diagonal order two subgroup of Σn2 .
Consequently, if n is odd,
ZˇCPSL(2n,R)(V ) = Zˇ
(∏
GL(iρ,C)
〈−E〉
)
=
∏
ZˇGL(iρ,C)
〈−E〉 =
Tˇ (SL(2n,R))Σn(U)
〈−E〉
= TˇΣn(U) = Tˇ (A2n∩(Σ2≀Σn))(V )
and if n is even,
ZˇCPSL(2n,R)(V ) = Zˇ
(∏
GL(iρ,C)
〈−E〉 ⋊ (Uν∗ × 〈c1 · · · cn〉)
)
9.14
=
(∏
ZˇGL(iρ,C)
〈−E〉
)Uν∗×〈c1···cn〉
=
(
Tˇ (SL(2n,R))Σn(U)
〈−E〉
)Uν∗×〈c1···cn〉
=
(
TˇΣn(U)
)Uν∗×〈c1···cn〉
= TˇUν∗×〈c1···cn〉 = Tˇ (A2n∩(Σ2≀Σn))(V )
where we use that H1(Σn(U); 〈−E〉) → H1(Σn(U); Tˇ (SL(2n,R))) is injective. (In
fact, the center of the centralizer, ZˇCPSL(2n,R)(V ), is a product, Tˇ
Σn(U), of 2-
compact tori when n is odd, and a finite abelian group, TˇΣn(U)⋊(U
∨
ν∗⋊〈c1···cn〉) =
(Tˇ 〈c1···cn〉)Σn(U)⋊U
∨
ν∗ = t(PSL)Σn(U)⋊U
∨
ν∗ when n is even.) 
Lemma 4.26 can also be proved along the lines of [47, 2.8] using 2.33.
4.30. Corollary. lim∗(A(PSL(2n,R))≤t, πi(BZC)) = 0 for n ≥ 3 and i =
1, 2.
Proof. Similar to 4.25 but using that that H0(W ; Tˇ )(PSL(2n,R)) = 0 for
n ≥ 3 (4.3). 
As we shall next see, Corollaries 4.25, 4.28 and 4.30 reduce the problem of
computing the graded abelian group lim∗(A(PSL(2n,R)), πi(BZC)) considerably.
Let A be a category containing two full subcategories, Aj , j = 1, 2, such that
any object of A with a morphism to an object of Aj is an object of Aj . Write
A1∩A2 for the full subcategory with objects Ob(A1∩A2) = Ob(A1)∩Ob(A2) and
A1∪A2 for the full subcategory with objects Ob(A1∪A2) = Ob(A1)∪Ob(A2). Let
M : A→ Ab be a functor taking values in abelian groups. Consider the subfunctor
M12 of M given by
M12(a) =
{
0 a ∈ Ob(A1 ∪A2)
M(a) a 6∈ Ob(A1 ∪A2)
We now state a kind of Mayer–Vietoris sequence argument for cohomology of cate-
gories.
4.31. Lemma. If the graded abelian groups lim∗(A1,M), lim
∗(A2,M), and
lim∗(A1 ∩A2,M) are trivial, then lim∗(A,M12) ∼= lim∗(A;M).
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Proof. Consider also the subfunctor M1 of M given by
M1(a) =
{
0 a ∈ Ob(A1)
M(a) a 6∈ Ob(A1)
Then there are natural transformations M12 → M1 → M of functors. The in-
duced long exact sequences imply that it suffices to show lim∗(A;M/M1) = 0 =
lim∗(A;M1/M12).
The quotient functor M/M1 vanishes outside A1 where it agrees with M and
therefore [47, 13.12] lim∗(A;M/M1) ∼= lim(A1;M) which is trivial by assumption.
The same argument applied to A2 instead of A gives that lim
∗(A2;M/M1) ∼=
lim(A1 ∩A2;M). Since this abelian group is trivial by assumption, we have that
lim∗(A2;M1) ∼= lim∗(A2;M). Also this abelian group is trivial by assumption.
The quotient functor M1/M12 vanishes outside A1 ∪ A2 where it agrees with
M1 and therefore lim
∗(A;M1/M12) ∼= lim(A1 ∪ A2;M1). Here, the functor M1
vanishes outside A2 and hence lim(A1 ∪ A2;M1) ∼= lim∗(A2;M1). Since we just
showed that this abelian group is trivial, we have that lim∗(A;M1/M12) = 0. 
We conclude that
lim∗
(
A(PSL(2n,R)), πj(BZCPSL(2n,R))12
)
= lim∗
(
A(PSL(2n,R)), πj(BZCPSL(2n,R))
)
where πj(BZCPSL(2n,R))12 is the subfunctor of πj(BZCPSL(2n,R)) given by
πj(BZCPSL(2n,R))12(V ) =
{
0 V is toral or q(V ) = 0
πj(BZCPSL(2n,R)(V )) V is nontoral and q(V ) 6= 0
According to 4.10 we have
V is nontoral and q(V ) 6= 0 ⇐⇒ [V, V ] 6= 0
for all elementary abelian 2-groups V in PSL(2n,R). Thus the problem of com-
puting the higher limits of the functors πi(BZCPSL(2n,R)) is concentrated on the
full subcategory A(PSL(2n,R))[ , ] 6=0 of A(PSL(2n,R)) generated by all elemen-
tary abelian 2-groups V ⊂ PSL(2n,R) with nontrivial inner product. Note that
if PSL(2n,R) contains an elementary abelian 2-group V with [V, V ] 6= 0 then
PSL(2n,R) in particular contains such a subgroup of rank two. The preimage
in SL(2n,R) of rank two V ⊂ PSL(2n,R) with nontrivial inner product is an ex-
traspecial 2-group 21+2± with central ✵1 (4.8) so that, by real representation theory
(9.5), n must be even.
6. Higher limits of the functors πiBZCPSL(4n,R) on A(PSL(4n,R))
[ , ] 6=0
In this section we compute the first higher limits of the functors πiBZCPSL(4n,R),
i = 1, 2, by means of Oliver’s cochain complex [53].
4.32. Lemma. lim1 π1BZCPSL(4n,R) = 0 = lim
2 π1BZCPSL(4n,R) and lim
2 π2BZCPSL(4n,R) =
0 = lim3 π2BZCPSL(4n,R).
The case i = 2 is easy. Since π2BZCPSL(4n,R) has value 0 on all objects
of A(PSL(4n,R))[ , ] 6=0 of rank ≤ 4 (4.54) it is immediate from Oliver’s cochain
complex that lim2 and lim3 of this functor are trivial.
We shall therefore now concentrate on the case i = 1. The claim of the above
lemma is that Oliver’s cochain complex [53]
(4.33) 0→
∏
|P |=22
[P ]
d1−→
∏
|V |=23
[V ]
d2−→
∏
|E|=24
[E]
d3−→ · · ·
is exact at objects of rank ≤ 3. Here, as a matter of notational convention,
[E] = HomA(PSL(4n,R))(E)(St(E), E)
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stands for the F2-vector space of F2A(PSL(4n,R))(E)-module homomorphisms
from the Steinberg module St(E) to E. The Steinberg module is the F2GL(E)-
module obtained in the following way.
Let P = F2e1+F2e2 be a 2-dimensional vector space over F2 with basis vectors
e1, e2. Let F2[0] be the 3-dimensional F2-vector space on length zero flags, [L], of
nontrivial and proper subspaces L of P . The Steinberg module St(P ) is the 2-
dimensional kernel of the augmentation map d : F2[0]→ F2 given by d[L] = 1.
Let V = F2e1+F2e2+F2e3 be a 3-dimensional vector space over F2 with basis
vectors e1, e2, e3. Let F2[1] be the 21-dimensional F2-vector space on length one
flags [P > L] of nontrivial and proper subspaces of V and F2[0] the 14-dimensional
F2-vector space on all length 0 flags, [P ] or [L], of nontrivial and proper subspaces
of V . The Steinberg module St(V ) over F2 for V is the 2
3-dimensional kernel of
the linear map d : F2[1]→ F2[0] given by d[P > L] = [P ] + [L].
4.34. Proposition. H+ 6= HD+ and H− 6= HD− in A(PSL(4n,R). The auto-
morphism groups of the objects H+ and H− ( 4.50) are
A(PSL(4n,R))(H+) = O
+(2,F2) ∼= C2, A(PSL(4n,R))(H−) = O−(2,F2) = GL(2,F2),
and the dimensions of the spaces of equivariant maps are
dim[H+] = 2, dim[H−] = 1
Proof. The first part was proved in 4.50. The Quillen automorphismgroup
A(SL(4n,R))(21+2± ) = A(GL(4n,R))(2
1+2
± ) = Out(2
1+2
± )
∼= O±(2,F2) where the
isomorphism is induced by abelianization 21+2± → H± (9.4.(2), 9.4.(3), 9.5). Ac-
cording to magma, dim[H+] = 2 and dim[H−] = 1. 
The F2A(PSL(4n,R))(H+)-equivariant maps given by
(4.35) f+[L] = L, f0[L] =
{
H
A(H+)
+ q(L) = 0
0 otherwise
form a basis for the 2-dimensional space [H+]. The F2A(PSL(4n,R))(H−)-equivariant
map given by
(4.36) f−[L] = L
is a basis for the 1-dimensional space [H−].
The quadratic function (9.5) q(v1, v2, v3) = v
2
1+v2v3 on V0 (4.51) has automor-
phism group
O(q) ∼= Sp(2,F2) =
〈1 0 01 1 1
0 1 0

 ,

1 0 01 1 1
0 0 1

〉 ⊂ GL(3,F2)
of order 6.
4.37. Proposition. V0 6= V D0 in A(PSL(4n,R)). The automorphism group
A(PSL(4n,R))(V0) = O(q) and dim[V0] = 4.
Proof. See 9.4.(5) for the first part. According to magma, dim[V0] = 4. 
The four F2A(PSL(4n,R))(V0)-module homomorphisms
(4.38) {df+, df0, df−, f0}
given by
df+[P > L] =
{
L P = H+
0 otherwise
df0[P > L] =
{
PA(P ) P = H+, q(L) = 0
0 otherwise
df−[P > L] =
{
L P = H−
0 otherwise
f0[P > L] =
{
V
A(V0)
0 [P, P ] = 0, q(L) = 0
0 otherwise
6. HIGHER LIMITS OF THE FUNCTORS piiBZCPSL(4n,R) ON A(PSL(4n,R))
[ , ] 6=0 63
is a basis for [V0].
The quadratic function on H+#L(i, 2n− i) ∈ Ob(A(PSL(4n,R))), 0 ≤ i ≤ n,
q(v1, v2, v3) = v1v2, has automorphism group
O(q) =
(
O+(2,F2) 0
∗ 1
)
=
〈0 1 01 0 0
0 0 1

 ,

1 0 00 1 0
1 0 1

 ,

1 0 00 1 0
0 1 1

〉
of order |O+(2,F2)| · 22 = 8.
4.39. Proposition. H+#L(i, 2n − i) 6= (H+#L(i, 2n − i))D ⇐⇒ i is even.
The Quillen automorphism group is
A(PSL(4n,R))(H+#L(i, 2n− i)) =


〈0 1 01 0 0
0 0 1

 ,

1 0 00 1 0
1 1 1


〉
i odd
O(q) i even
and the dimension of the space of equivariant maps is
dim[H+#L(i, 2n− i)] =
{
6 i odd
3 i even
Proof. H+#L(i, 2n− i) ⊂ PSL(4n,R) is (4.51) the quotient of
G = 〈diag(R, . . . , R), diag(T, . . . , T ), diag(
i︷ ︸︸ ︷
−E, . . . ,−E,
2n−i︷ ︸︸ ︷
E, . . . , E)〉 = 〈g1, g2, g3〉 ⊂ SL(4n,R)
The centralizer of G is GL(4n,R) is contained in the centralizer of its subgroup
21+2+ which is contained in SL(4n,R) (9.4). Observe that
• R and T are conjugate in GL(2,R)
• Conjugation with diag(
i︷ ︸︸ ︷
T, . . . , T ,
2n−i︷ ︸︸ ︷
E, . . . , E) induces (g1, g2, g3)
φ1−→ (g1g3, g2, g3)
• Conjugation with diag(
i︷ ︸︸ ︷
R, . . . , R,
2n−i︷ ︸︸ ︷
E, . . . , E) induces (g1, g2, g3)
φ2−→ (g1, g2g3, g3)
• When i = n, conjugation with
(
0 E
E 0
)
induces (g1, g2, g3)
φ−→ (g1, g2,−g3)
Consider the automorphism groups
A(SL(4n,R))(G) ⊂ A(GL(4n,R))(G) ⊂ Out(G)→ O(q) ⊂ Aut(H+#L(i, 2n− i))
where the outer automorphism group has order 16. Note that the automorphism
φ is in the kernel of the homomorphism Out(G)→ O(q) induced by abelianization
G→ H+#L(i, 2n− i). Using the above observations we see that A(GL(4n,R))(G),
even A(SL(4n,R))(G) for even i, maps onto O(q). Thus the Quillen automor-
phism group A(GL(4n,R))(G) has order 8 or 16. When i = n the automor-
phism φ is in A(GL(4n,R))(G), even in A(SL(4n,R))(G), and when i 6= n, φ 6∈
A(GL(4n,R))(G) as it does not preserve trace. Thus
|A(GL(4n,R))(G)| =
{
16 i = n
8 i 6= n
In any case the group A(SL(4n,R))(G) equals the group A(GL(4n,R))(G) if and
only if i is even. When i is odd, the automorphism φ1 is induced from a matrix
of negative determinant so that NGL(4n,R)(G) 6⊂ SL(4n,R). According to magma,
dim[H+#L(i, 2n− i)] is 3 when i is even and 6 when i is odd. 
The six F2A(PSL(4n,R))(H+#L(i, 2n− i))-linear maps
(4.40) {df+, df0, f0, dfD+ , dfD0 , fD0 }
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given by
df+[P > L] =
{
L P = H+
0 otherwise
df0[P > L] =
{
PA(P ) P = H+, q(L) = 0
0 otherwise
f0[P > L] =
{
v1 [P, P ] = 0, q(L) = 0
0 otherwise
is a basis for the 6-dimensional F2-vector space [H+#L(i, 2n − i)] for i odd and
[H+#L(i, 2n − i)] × [(H+#L(i, 2n − i))D] for i even. Here, v1 is one of the two
non-zero vectors of V A(V ) that are not D-invariant when i is odd and the nonzero
vector of V A(V ) when i is even where V = H+#L(i, 2n− i).
The quadratic function onH−#L(i, n−i) ∈ Ob(A(PSL(4n,R))), 1 ≤ i ≤ [n/2],
q(v1, v2, v3) = v
2
1 + v1v2 + v
2
2 , has automorphism group
O(q) =
(
O−(2,F2) ∗
0 1
)
of order |O−(2,F2)| · 22 = 24.
4.41. Proposition. H−#L(i, n− i) 6= (H−#L(i, n− i))D for all n ≥ 2. The
Quillen automorphism group A(PSL(4n,R))(H−#L(i, n− i)) = O(q) has order 24
and the dimension of the space of equivariant maps is dim[H−#L(i, n− i)] = 1.
Proof. H−#L(i, n− i) ⊂ PSL(4n,R) is the quotient of
G = 21+2− ×2 = 〈diag
((
0 −R
R 0
)
, . . . ,
(
0 −R
R 0
))
, diag
((
0 −T
T 0
)
, . . . ,
(
0 −T
T 0
))
,
diag
( i︷ ︸︸ ︷(−E 0
0 −E
)
, . . . ,
(−E 0
0 −E
)
,
n−i︷ ︸︸ ︷(
E 0
0 E
)
, . . .
(
E 0
0 E
))
〉 = 〈g1, g2, g3〉 ⊂ SL(4n,R)
The centralizer of G in GL(4n,R) is contained in the centralizer of its subgroup
21+2− which is contained in SL(4n,R) (9.4). Observe that
• A(SL(4,R))(21+2− ) ∼= O(q)
• Conjugation with diag
( i︷ ︸︸ ︷(
T 0
0 T
)
, . . . ,
(
T 0
0 T
)
,
n−i︷ ︸︸ ︷(
E 0
0 E
)
, . . . ,
(
E 0
0 E
))
induces the automorphism (g1, g2, g3)
φ1−→ (g1g3, g2, g3)
• Conjugation with diag
( i︷ ︸︸ ︷(R 0
0 R
)
, . . . ,
(
R 0
0 R
)
,
n−i︷ ︸︸ ︷(
E 0
0 E
)
, . . . ,
(
E 0
0 E
))
induces the automorphism (g1, g2, g3)
φ2−→ (g1, g2g3, g3)
• When i = n/2, conjugation with
(
0 E
E 0
)
induces (g1, g2, g3)
φ−→ (g1, g2,−g3)
Consider the automorphism groups
A(SL(4n,R))(G) ⊂ A(GL(4n,R))(G) ⊂ Out(G)→ O(q) ⊂ Aut(H−#L(i, n− i))
where the outer automorphism group has order 48. Note that the automorphism
φ is in the kernel of the homomorphism Out(G)→ O(q) induced by abelianization
G → H−#L(i, n − i). Using the above observations we see that A(SL(4n,R))(G)
maps onto O(q). Thus the Quillen automorphism groupA(GL(4n,R))(G) has order
48 or 24. When n is even and i = n/2 the automorphism φ is in A(SL(4n,R))(G)
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and when i < n/2, φ is not in A(GL(4n,R))(G) as it does not preserve trace. Thus
|A(GL(4n,R))(G)| =
{
48 i = n/2
24 i < n/2
In any case, the groupA(SL(4n,R))(G) equalsA(GL(4n,R))(G) so thatH−#L(i, n−
i) 6= (H−#L(i, n− i))D (9.2). According to magma, dim[H−#L(i, n− i)] = 1. 
The F2A(PSL(4n,R))(H−#L(i, n− i))-linear map
(4.42) {df−}
given by
df−[P > L] =
{
L P = H−
0 otherwise
is a basis for the 1-dimensional F2-vector space [H−#L(i, n− i)].
The quadratic function q(v1, v2, v3, v4) = v
2
1 + v2v3 has automorphism group
O(q) =
(
Sp(2,F2) ∗
0 1
)
, Sp(2,F2) ∼=
〈1 0 01 1 1
0 1 0

 ,

1 0 01 1 1
0 0 1

〉 ⊂ GL(3,F2)
of order 48.
4.43. Proposition. The 4-dimensional object V0#L(i, n− i), 1 ≤ i ≤ [n/2], of
the category A(PSL(4n,R)) satisfies V0#L(i, n−i) 6= (V0#L(i, n−i))D. It contains
the objects objects V0, H+#L(2i, 2n− 2i), and H−#L(i, n− i). The automorphism
group A(PSL(4n,R))(V0#L(i, n − i)) = O(q) and the dimension of the space of
equivariant maps is dim[V0#L(i, n− i)] = 5.
Proof. V0#L(i, n− i) ⊂ PSL(4n,R) is (9.7) the quotient of
G = 21+2± ◦ 4× 2 =
〈diag
((
0 −E
E 0
)
, . . . ,
(
0 −E
E 0
))
, diag
((
R 0
0 R
)
, . . . ,
(
R 0
0 R
))
, diag
((
T 0
0 T
)
, . . . ,
(
T 0
0 T
))
,
diag
( i︷ ︸︸ ︷(−E 0
0 −E
)
, . . . ,
(−E 0
0 −E
)
,
n−i︷ ︸︸ ︷(
E 0
0 E
)
, . . .
(
E 0
0 E
))
〉 = 〈g1, g2, g3, g4〉 ⊂ SL(4n,R)
The centralizer of G in GL(4n,R) is contained in the centralizer of its subgroup
21+2− which is contained in SL(4n,R) (9.4). Observe that
• A(SL(4,R))(21+2± ◦ 4) = Out(G) ∼= Out(C4)× Sp(2,F2) (9.4)
• Conjugation with diag
( i︷ ︸︸ ︷(
0 E
E 0
)
, . . . ,
(
0 E
E 0
)
,
n−i︷ ︸︸ ︷(
E 0
0 E
)
, . . . ,
(
E 0
0 E
))
induces the automorphism (g1, g2, g3, g4)
φ1−→ (g1g4, g2, g3, g4)
• Conjugation with diag
( i︷ ︸︸ ︷(T 0
0 T
)
, . . . ,
(
T 0
0 T
)
,
n−i︷ ︸︸ ︷(
E 0
0 E
)
, . . . ,
(
E 0
0 E
))
induces the automorphism (g1, g2, g3, g4)
φ2−→ (g1, g2g4, g3, g4)
• Conjugation with diag
( i︷ ︸︸ ︷(R 0
0 R
)
, . . . ,
(
R 0
0 R
)
,
n−i︷ ︸︸ ︷(
E 0
0 E
)
, . . . ,
(
E 0
0 E
))
induces the automorphism (g1, g2, g3, g4)
φ3−→ (g1, g2, g3g4, g4)
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• Conjugation with diag
((
0 E
E 0
)
, . . . ,
(
0 E
E 0
))
induces the automor-
phism (g1, g2, g3, g4)
φ4−→ (−g1, g2, g3g4)
• When i = n/2, conjugation with
(
0 E
E 0
)
∈ SL(4n,R) induces the auto-
morphism (g1, g2, g3, g4)
φ5−→ (g1, g2, g3,−g4)
Consider the automorphism groups
A(SL(4n,R))(G) ⊂ A(GL(4n,R))(G) ⊂ Out(G)→ O(q) ⊂ Aut(V0#L(i, n− i))
where the outer automorphism group has order 196 andO(q) order 48. Note that the
automorphism φ4 of order 2 is in the kernel of the homomorphism Out(G)→ O(q)
induced by abelianization G → V0#L(i, n − i). Using the above observations we
see that A(SL(4n,R))(G) maps onto O(q) with a kernel of order at least 2. Thus
the Quillen automorphism group A(GL(4n,R))(G) has order 192 or 96. When n is
even and i = n/2 the automorphism φ5 is in A(SL(4n,R))(G) and when i < n/2,
φ5 is not in A(GL(4n,R))(G) as it does not preserve trace. Thus
|A(GL(4n,R))(G)| =
{
192 i = n/2
96 i < n/2
In any case, the groupA(SL(4n,R))(G) equalsA(GL(4n,R))(G) so that V0#L(i, n−
i) 6= (V0#L(i, n− i))D (9.2). According to magma, dim[V0#L(i, n− i)] = 5. 
The five F2A(PSL(4n,R))(V0#L(i, n− i))-linear maps
(4.44) {ddf+L(2i,2n−2i), ddf0L(2i,2n−2i), df0L(2i,2n−2i), ddf−L(i,n−i), df0V0}
given by
ddf+L(2i,2n−2i)[V > P > L] =
{
L V = H+#L(2i, 2n− 2i), P = H+
0 otherwise
ddf0L(2i,2n−2i)[V > P > L] =
{
PA(P ) V = H+#L(2i, 2n− 2i), P = H+, q(L) = 0
0 otherwise
df0L(2i,2n−2i)[V > P > L] =
{
V A(V ) V = H+#L(2i, 2n− 2i), [P, P ] = 0, q(L) = 0
0 otherwise
ddf−L(i,n−i)[V > P > L] =
{
L V = H−#L(i, n− i), P = H−
0 otherwise
df0V0 [V > P > L] =
{
V A(V ) V = V0, [P, P ] = 0, q(L) = 0
0 otherwise
constitute a basis for [V0#L(i, n− i)].
4.45. Lemma. The 4-dimensional object H+#P (1, i − 1, 2n − i, 0), 2 < i ≤
n, of the category A(PSL(4n,R)), n > 2, satisfies H+#P (1, i − 1, 2n − i, 0) =
(H+#P (1, i− 1, 2n− i, 0))D. It contains the 3-dimensional objects
H+#
{
L(1, 2n− 1), L(i− 1, 2n− i+ 1), L(i− 1, 2n− i+ 1)D, L(i, 2n− i) i odd
L(1, 2n− 1), L(i− 1, 2n− i+ 1), L(i, 2n− i), L(i, 2n− i)D i even
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Its Quillen automorphism group is
A(PSL(4n,R))(H+#P (1, i− 1, 2n− i, 0)) =

〈
0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 ,


1 0 1 0
0 1 0 0
0 0 1 0
0 0 0 1

 ,


1 0 0 0
0 1 1 0
0 0 1 0
0 0 0 1

 ,


1 0 1 1
0 1 1 1
0 0 1 0
0 0 0 1


〉
i > 2 odd
〈
0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 ,


1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

 ,


1 0 0 0
0 1 0 1
0 0 1 0
0 0 0 1

 ,


1 0 1 1
0 1 1 1
0 0 1 0
0 0 0 1


〉
i > 2 even
of order 16. The space of equivariant maps has dimension dim[H+#P (1, i−1, 2n−
i, 0)] = 16.
Proof. H+#P (1, i− 1, 2n− i) ⊂ PSL(4n,R) is (4.52) the quotient of
G = 〈diag(R, . . . , R), diag(T, . . . , T ),
diag(E,
i−1︷ ︸︸ ︷
−E, . . . ,−E,
2n−i︷ ︸︸ ︷
E, . . . , E), diag(E,
i−1︷ ︸︸ ︷
E, . . . , E,
2n−i︷ ︸︸ ︷
−E, . . . ,−E)〉 = 〈g1, g2, g3, g4〉 ⊂ SL(4n,R)
The centralizer of G in GL(4n,R) is contained in the centralizer of its subgroup
21+2+ which is contained in SL(4n,R) (9.4). This means (9.3) that the elements of
A(GL(4n,R))(G) andA(PGL(4n,R))(H+#P (1, i−1, 2n−i, 0)) have a well-defined
sign. The Quillen automorphism group is contained in the group
(
O+(2,F2) ∗
0 E
)
of order 25 = 32. Observe that
• R and T are conjugate in GL(2,R) so that (g1, g2, g3, g4) φ1−→ (g2, g1, g3, g4)
is in the Quillen automorphism group and has sign +1
• Conjugation with diag(E,
i−1︷ ︸︸ ︷
E, . . . , E,
2n−i︷ ︸︸ ︷
T, . . . , T ) induces (g1, g2, g3, g4)
φ2−→
(g1g4, g2, g3, g4) of sign (−1)i
• Conjugation with diag(E,
i−1︷ ︸︸ ︷
T, . . . , T ,
2n−i︷ ︸︸ ︷
E, . . . , E) induces (g1, g2, g3, g4)
φ3−→
(g1g3, g2, g3, g4) of sign −(−1)i
• Conjugation with diag(E,
i−1︷ ︸︸ ︷
E, . . . , E,
2n−i︷ ︸︸ ︷
R, . . . , R) induces (g1, g2, g3, g4)
φ4−→
(g1, g2g4, g3, g4) of sign (−1)i
• Conjugation with diag(E,
i−1︷ ︸︸ ︷
R, . . . , R,
2n−i︷ ︸︸ ︷
E, . . . , E) induces (g1g3, g2, g3, g4)
φ5−→
(g1, g2g3, g3, g4) of sign −(−1)i
• Conjugation with diag(E,
i−1︷ ︸︸ ︷
RT, . . . , RT ,
2n−i︷ ︸︸ ︷
RT, . . . , RT ) induces the automor-
phism given by (g1, g2, g3, g4)
φ6−→ (g1g3g4, g2g3g4, g3, g4) of sign +1.
It follows that NGL(4n,R)(G) 6⊂ SL(4n,R) as this normalizer contains elements of
negative determinant regardless of the parity of i. Also,A(PSL(4n,R))(H+#P (1, i−
1, 2n − i, 0)) is generated by (the automorphisms induced by) φ1, φ2, φ4, and φ6
when i is even, and φ1, φ3, φ5, and φ6 when i is odd. 
68 4. THE D-FAMILY
The fourteen F2A(PSL(4n,R))(H+#P (1, i− 1, 2n− 1))-linear maps
(4.46) {ddf+L(i−1,2n−i+1), ddfD+L(i−1,2n−i+1), ddf0L(i−1,2n−i+1), ddfD0L(i−1,2n−i+10),
df0L(i−1,2n−i+1), df
D
0L(i−1,2n−i+1),
ddf+L(i,2n−i), ddf
D
+L(i,2n−i), ddf0L(i,2n−i), ddf
D
0L(i,2n−i), df0L(i,2n−i), df
D
0L(i,2n−i),
df0L(1,2n−1), df
D
0L(1,2n−1)}
form a partial basis for the 16-dimensional vector space [H+#P (1, i − 1, 2n − 1)],
2 < i ≤ n. For 1 < i ≤ n and i odd,
ddf+L(i,2n−i)[V > P > L] =
{
L V = H+#L(i, 2n− i), P = H+
0 otherwise
ddfD+L(i,2n−i)[V > P > L] =
{
L V = H+#L(i, 2n− i), P = HD+
0 otherwise
ddf0L(i,2n−i)[V > P > L] =
{
PA(P ) V = H+#L(i, 2n− i), P = H+, q(L) = 0
0 otherwise
ddfD0L(i,2n−i)[V > P > L] =
{
PA(P ) V = H+#L(i, 2n− i), P = HD+ , q(L) = 0
0 otherwise
df01L(i,2n−i)[V > P > L] =
{
V ∩O1 V = H+#L(i, 2n− i), [P, P ] = 0, q(L) = 0
0 otherwise
dfD01L(i,2n−i)[V > P > L] =
{
V ∩O2 V = H+#L(i, 2n− i), [P, P ] = 0, q(L) = 0
0 otherwise
where (in the last two formulas), O1 and O2 are the two orbits of length 2 for the
action of A(PSL(4n,R))(H+#P (1, i − 1, 2n − i, 0)) on H+#P (1, i − 1, 2n − i, 0).
Each of the hyperplanes isomorphic to V = H+#L(i, 2n− i) contains precisely one
vector v1 from O1 and one vector v2 from O2 and {v1, v2} is a basis for the fixed
point group V A(PSL(4n,R))(V ). For 1 < i ≤ n and i even,
ddf+L(i,2n−i)[V > P > L] =
{
L V = H+#L(i, 2n− i), P = H+
0 otherwise
ddfD+L(i,2n−i)[V > P > L] =
{
L V = (H+#L(i, 2n− i))D, P = (H+)D
0 otherwise
ddf0L(i,2n−i)[V > P > L] =
{
PA(P ) V = H+#L(i, 2n− i), P = H+, q(L) = 0
0 otherwise
ddfD0L(i,2n−i)[V > P > L] =
{
PA(P ) V = (H+#L(i, 2n− i))D, P = (H+)D, q(L) = 0
0 otherwise
df0L(i,2n−i)[V > P > L] =
{
V A(V ) V = H+#L(i, 2n− i), [P, P ] = 0, q(L) = 0
0 otherwise
dfD0L(i,2n−i)[V > P > L] =
{
V A(V ) V = (H+#L(i, 2n− i))D, [P, P ] = 0, q(L) = 0
0 otherwise
4.47. Lemma. The 4-dimensional object H+#P (1, 1, 2, 0) of the category A(PSL(8,R))
satisfies H+#P (1, 1, 2, 0) = (H+#P (1, 1, 2, 0))
D. It contains the 3-dimensional ob-
jects
H+#L(1, 3), H+#L(2, 2), (H+#L(2, 2))
D
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Its Quillen automorphism group is
A(PSL(8,R))(H+#P (1, 1, 2, 0)) =〈
0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 ,


1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

 ,


1 0 0 0
0 1 0 1
0 0 1 0
0 0 0 1

 ,


1 0 1 1
0 1 1 1
0 0 1 0
0 0 0 1

 ,


1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1


〉
of order 32, and dim[H+#P (1, i− 1, 2n− i, 0)] = 8.
Proof. The proof is similar to that of 4.45. H+#P (1, 1, 2, 0) ⊂ PSL(8,R) is
the quotient of
G = 〈diag(R,R,R,R), diag(T, T, T, T ), diag(E,−E,E,E), diag(E,E,−E,−E)〉 ⊂ SL(8,R)
The extra element of A(PSL(8,R))(H+#P (1, 1, 2, 0)) is induced by conjugation
with the matrix diag
((
0 E
E 0
)
,
(
E 0
0 E
))
∈ SL(8,R). According to magma,
dim[H+#P (1, 1, 2, 0)] = 8. 
The eight F2A(PSL(8,R))(H+#P (1, 1, 2, 0))-linear maps
(4.48)
{ddf+L(2,2), ddfD+L(2,2), ddf0L(2,2), ddfD0L(2,2), df0L(2,2), dfD0L(2,2), df01L(1,3), dfD01L(1,3)}
is a basis for the vector space [H+#P (1, 1, 2, 0)].
We are now ready to describe the differentials d1 and d2 in Oliver’s cochain
complex (4.33) for computing the limits of the functor π1(BZCPSL(4n,R)(V )) = V
on the category A(PSL(4n,R)). The 6 × (6n + 2[n/2] + 8) matrix for d1 is of the
following form (shown here for n = 3)
[H+#L(1, 5)] [H+#L(2, 4)]× [H+#L(2, 4)]D H+#L(3, 3)
[H+]
(
A 0
) (
A 0
) (
A 0
)
[H+]
D
(
0 A
) (
0 A
) (
0 A
)
[H−]
[H−]
D
[H−#L(1, 1)]× [H−#L(1, 1)]D [V0]× [V0]D(
H 0
)
[H+](
0 H
)
[H+]
D(
1 0
) (
B 0
)
[H−](
0 1
) (
0 B
)
[H−]
D
where
A =
(
1 0 0
0 1 0
)
, H =
(
1 0 0 0
0 1 0 0
)
, B =
(
0 0 1 0
)
is injective so lim1 = 0. Exactness is thus equivalent to
dim(im d2) ≥ 6n+ 2[n/2] + 2
We shall show this by mapping the n+ [n/2] + 2[n/2] + 2 objects of dimension 3,
H+#L(i, 2n− i), (H+#L(i, 2n− i))D(i even), 1 ≤ i ≤ n,
H−#L(i, n− i), (H−#L(i, n− i))D, 1 ≤ i ≤ [n/2], V0, V D0 ,
of A(PSL(4n,R)) to the n− 2 + 2[n/2] objects of dimension 4,
H+#P (1, i−1, 2n−i, 0), 2 < i ≤ n, V0#L(n−i, i), (V0#L(n−i, i))D, 1 ≤ i ≤ [n/2],
for n > 2 and to
H+#P (1, 1, 2, 0), V0#L(1, 1), (V0#L(1, 1))
D
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when n = 2. The (6n + 2[n/2] + 8) × (16(n − 2) + 10[n/2])-matrix for d2 (shown
here for n = 5) is
[H+#P (1, 2, 7)] [H+#P (1, 3, 6)] [H+#P (1, 4, 5)]
[H+#L(1, 9)]
(
A A B
) (
A A B
) (
A A B
)
[H+#L(2, 8)]× [H+#L(2, 8)]D
(
E 0 0
)
[H+#L(3, 7)]
(
0 E 0
) (
E 0 0
)
[H+#L(4, 6)]× [H+#L(4, 6)]D
(
0 E 0
) (
E 0 0
)
[H+#L(5, 5)]
(
0 E 0
)
[H−#L(1, 4)]× [H−#L(1, 4)]D
[H−#L(2, 3)]× [H−#L(2, 3)]D
[V0]× [V0]D
[V0#L(1, 4)] [V0#L(1, 4)]
D [V0#L(2, 3)] [V0#L(2, 3)]
D
[H+#L(1, 9)](
H
0
) (
0
H
)
[H+#L(2, 8)]× [H+#L(2, 8)]D
[H+#L(3, 7)](
H
0
) (
0
H
)
[H+#L(4, 6)]× [H+#L(4, 6)]D
[H+#L(5, 5)](
L
0
) (
0
L
)
[H−#L(1, 4)]× [H−#L(1, 4)]D(
L
0
) (
0
L
)
[H−#L(2, 3)]× [H−#L(2, 3)]D(
K
0
) (
K
0
) (
K
0
) (
K
0
)
[V0]× [V0]D
where
A =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , B =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0

 , K =


1 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1


H =

1 0 0 0 00 1 0 0 0
0 0 1 0 0

 , L = (0 0 0 1 0)
while E is (6 × 6) unit matrix and 0 a zero matrix. These matrices are given with
respect to the bases (4.38, 4.40, 4.42, 4.46, 4.44).
The case n = 2 of PSL(8,R) is special. Part of the matrix for d2 is the (22×18)-
matrix
[H+#P (1, 1, 2, 0)] [V0#L(1, 1)] [V0#L(1, 1)]
D
[H+#L(1, 3)]
(
A B
)
[H+#L(2, 2)]× [H+#L(2, 2)]D
(
E 0
) (H
0
) (
0
H
)
[H−#L(1, 1)]× [H−#L(1, 1)]D
(
L
0
) (
0
L
)
[V0]× [V0]D
(
K
0
) (
0
K
)
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where now
B =


0 0
0 0
0 0
0 0
1 0
0 1


while E is 6 × 6 unit matrix and 0 a zero matrix. As (partial) bases we use the
ordered sets (4.40, 4.42, 4.38, 4.48, 4.44, 4.40). This matrix has rank 16.
4.49. Corollary. The partial differential∏
1 ≤ i ≤ n
i odd
[H+#L(i, 2n−i)]×
∏
1 ≤ i ≤ n
i even
[H+#L(i, 2n−i)]×[H+#L(i, 2n−i)]D
×
∏
1≤i≤[n/2]
[H−#L(i, n− i)]× [H−#L(i, n− i)]D × [V0]× [V0]D
d2−→
∏
2<i≤n
[H+#P (1, i− 1, 2n− i, 0)]×
∏
1≤i≤[n/2]
[V0#L(i, n− i)]
has rank 6n+ 2[n/2] + 2.
Proof. By now we know a matrix for this linear map so we simply check its
rank. 
Proof of Lemma 4.32. For π2 use that it is trivial on the objects with [, ] 6=
0. 
7. The category A(PSL(4n,R))
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We shall need information about all objects of A(PSL(4n,R))[ , ] 6=0 of rank
≤ 3 and some objects of rank 4. If V ⊂ PSL(4n,R) is a nontoral elementary
abelian 2-group with nontrivial inner product then its preimage V ∗ ⊂ SL(4n,R) is
P ×R(V ) or (C4 ◦P )×R(V ) where P is an extraspecial 2-group, C4 ◦P a general-
ized extraspecial 2-group, and ✵1(V
∗) = 〈−E〉 (4.8). We manufacture all oriented
real representations of these product groups as direct sums of tensor products of
irreducible representations of the factors (9.6).
4.50. Rank two objects with nontrivial inner product. The category
A(PSL(4n,R)) contains up to isomorphism four rank two objects with nontrivial
inner product, H± and H
D
± . The elementary abelian 2-group H± ⊂ PSL(4n,R) is
the quotient of the extraspecial 2-group 21+2± ⊂ SL(4n,R) with ✵1(21+2± ) = 〈−E〉
described in 9.4.(6) and 9.4.(7). Their centralizers [54, Proposition 4] in SL(4n,R)
and PSL(4n,R) are
CSL(4n,R)(2
1+2
+ ) = GL(2n,R), CPSL(4n,R)(H+) = H+ × PGL(2n,R) = V+ × (PSL(2n,R)⋊ C2)
CSL(4n,R)(2
1+2
− ) = GL(n,H), CPSL(4n,R)(H−) = H− × PGL(n,H)
where H+ and H− are hyperbolic planes with quadratic functions q+(v1, v2) = v1v2
and q−(v1, v2) = v
2
1 + v1v2 + v
2
2 (9.5), respectively. In the first case, for instance,
the commutative diagram
1 // PGL(2n,R) // CPSL(4n,R)(H+) // H
∨
+
// 0
H+
OO
[·,·]
∼=
88qqqqqqqqqqqq
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gives a central section of the short exact sequence from [47, 5.11].
4.51. Rank three objects with nontrivial inner product. Let V be a
rank three object of A(PSL(4n,R)) with nontrivial inner product. Then V or V D
is isomorphic to H+#L(i, 2n − i) (1 ≤ i ≤ n), H−#L(i, n − i) (1 ≤ i ≤ [n/2]) or
V0. H+#L(i, 2n− i) ⊂ PSL(4n,R) is defined to be the quotient of
〈
diag(R, . . . , R), diag(T, . . . , T ), diag(
i︷ ︸︸ ︷
−E, . . . ,−E,
2n−i︷ ︸︸ ︷
E, . . . , E)
〉 ⊂ SL(4n,R),
R =
(
1 0
0 −1
)
, T =
(
0 1
1 0
)
isomorphic to 21+2+ × C2 and H−#L(i, n− i) ⊂ PSL(4n,R) to be the quotient of
〈
diag
((
0 −R
R 0
)
, . . . ,
(
0 −R
R 0
))
, diag
((
0 −T
T 0
)
, . . . ,
(
0 −T
T 0
))
,
diag
( i︷ ︸︸ ︷(−E 0
0 −E
)
, . . . ,
(−E 0
0 −E
)
,
n−i︷ ︸︸ ︷(
E 0
0 E
)
, . . .
(
E 0
0 E
))〉
⊂ SL(4n,R)
isomorphic to 21+2− × C2. The elementary abelian 2-group V0 ⊂ PSL(4n,R) is the
quotient of
〈
diag
((
R 0
0 R
)
, . . . ,
(
R 0
0 R
))
, diag
((
T 0
0 T
)
, . . . ,
(
T 0
0 T
))
,
diag
((
0 −E
E 0
)
, . . . ,
(
0 −E
E 0
))〉
isomorphic to the generalized extraspecial 2-group C4 ◦ 21+2± ⊂ SL(4n,R) as de-
scribed in 9.4.(5).
4.52. Rank four objects with nontrivial inner product. The following
partial census of rank four objects with nontrivial inner product suffices for our pur-
poses. Define the elementary abelian 2-group H+#P (1, i−1, 2n− i) ⊂ PSL(4n,R),
2 ≤ i ≤ n, to be the quotient of〈
diag(R, . . . , R), diag(T, . . . , T ),
diag(E,
i−1︷ ︸︸ ︷
−E, . . . ,−E,
2n−i︷ ︸︸ ︷
E, . . . , E), diag(E,
i−1︷ ︸︸ ︷
E, . . . , E,
2n−i︷ ︸︸ ︷
−E, . . . ,−E)〉 ⊂ SL(4n,R)
Define V0#L(i, n− i) ⊂ PSL(4n,R), 1 ≤ i ≤ [n/2], to be the quotient of
〈
diag
((
0 −E
E 0
)
, . . . ,
(
0 −E
E 0
))
, diag
((
R 0
0 R
)
, . . . ,
(
R 0
0 R
))
,
diag
((
T 0
0 T
)
, . . . ,
(
T 0
0 T
))
,
diag
( i︷ ︸︸ ︷(−E 0
0 −E
)
, . . . ,
(−E 0
0 −E
)
,
n−i︷ ︸︸ ︷(
E 0
0 E
)
, . . .
(
E 0
0 E
))〉
⊂ SL(4n,R)
isomorphic to C4 ◦ 21+2± × C2.
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4.53. Centers of centralizers. For the computations in §6 we need to know
the centers of the centralizers for some of the low dimensional objects ofA(PSL(4n,R))[ , ] 6=0.
4.54. Proposition. Let V ∈ Ob(A(PSL(4n,R))[ , ] 6=0) be one of the objects
• H+, H−,
• H+#L(i, 2n− i) (1 ≤ i ≤ n), H−#L(i, n− i) (1 ≤ i ≤ [n/2]), V0, or
• H+#P (1, i− 1, 2n− i, 0) (1 < i ≤ n), V0#L(i, n− i) (1 ≤ i ≤ [n/2])
introduced in 4.50–4.52. Then ZCPSL(4n,R)(V ) = V .
Proof. The proof is a case-by-case checking.
H+ and H− Since the centralizers of the rank two objectsH+ andH− areCPSL(4n,R)(H+) =
H+×PGL(2n,R) and CPSL(4n,R)(H−) = H−×PGL(n,H), Proposition 4.54 is im-
mediate in these cases.
H+#L(i, 2n− i) (1 ≤ i ≤ n) and H+#P (1, i− 1, 2n− i, 0) (1 < i ≤ n) We shall only
prove the 2-dimensional case since the 3-dimensional case is similar. The central-
izer of H+#L(i, 2n− i) is isomorphic to the product of H+ with the centralizer of
L = L(i, 2n− i) in PGL(2n,R). There is [47, 5.11] a short exact sequence
1→ GL(i,R)×GL(2n− i,R)〈−E〉 → CPGL(2n,R)(L)→ Hom(L, 〈−E〉)ρ → 1
where the group to the right consists of all homomorphisms φ : L→ 〈−E〉 such that
ρ and φ · ρ are conjugate representations in GL(2n,R). By trace considerations,
this group is trivial if i < n and of order two if i = n. Hence
CPGL(2n,R)(L) =
{
GL(i,R)×GL(2n−i,R)
〈−E〉 i < n
GL(n,R)2
〈−E〉 ⋊ 〈C1〉 i = n
where C1 =
(
0 E
E 0
)
is the (2n× 2n)-matrix that interchanges the two GL(n,R)-
factors. In case i < n, use 9.18. In case i = n, the center is (9.13) the pull-back of
the group homomorphisms
GL(n,R)× 〈(E,−E)〉
〈−E〉 =
(
GL(n,R)2
〈−E〉
)〈C1〉
→ Aut
(
GL(n,R)2
〈−E〉
)
← 〈C1〉
which is GL(1,R)×〈(−E,E)〉〈−E〉 = L again.
V0 and V0#L(i, n− i) The object V0 ⊂ PSL(4n,R) is the quotient of G = 4◦21+2± ⊂
SL(4n,R) as described in 9.4.(5). As this representation ρ = n(χ+χ) is the n-fold
sum of an irreducible representation of complex type there are exact sequences
1 //
GL(n,C)
〈−E〉
// CPSL(4n,R)(V0) // Hom(G, 〈−E〉)ρ // 1
1 // Z(G)/G′ //
?
OO
G/G′ //
?
OO
G/Z(G) //
?
OO
1
where the top row is [47, 5.11]. The elementary abelian group Hom(G, 〈−E〉)ρ,
consisting of all homomorphisms φ : G→ 〈−E〉 such that ρ and φ · ρ are conjugate
in SL(4n,R), equals all of Hom(G, 〈−E〉) = 23 since conjugation with the first two
of the generators from 4.51 and with
C2 = diag
((
E 0
0 −E
)
, . . . ,
(
E 0
0 −E
))
induce three independent generators. Hence
CPSL(4n,R)(V0) =
(
GL(n,C)
〈−E〉 × V0/V
⊥
0
)
⋊ 〈C2〉
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Note that conjugation with the matrix C2 induces complex conjugation on GL(n,C).
The center of this semi-direct product is (9.13) the pull-back of the group homo-
morphisms
GL(n,R) ◦ 〈i〉
〈−E〉 ×V0/V
⊥
0 =
(
GL(n,C)
〈−E〉 × V0/V
⊥
0
)〈C2〉
→ Aut
(
GL(n,C)
〈−E〉 × V0/V
⊥
0
)
← 〈C2〉
which is GL(1,R)◦〈i〉〈−E〉 × V0/V ⊥0 = 〈i〉〈−E〉 × V0/V ⊥0 = V0.
The case of V0#L(i, n− i), 1 ≤ i < [n/2], is quite similar. The centralizer is
CPSL(4n,R)(V0#L(i, n− i)) =
(
GL(i,C)×GL(n− i,C)
〈−E〉 × V0/V
⊥
0
)
⋊ 〈C2〉
and its center is the pull-back of the homomorphisms
(GL(i,R)×GL(n− i,R)) ◦ 〈i〉
〈−E〉 ×V0/V
⊥
0 =
(
GL(i,C)×GL(n− i,C)
〈−E〉 × V0/V
⊥
0
)〈C2〉
→ Aut
(
GL(i,C)×GL(n− i,C)
〈−E〉 × V0/V
⊥
0
)
← 〈C2〉
which is ZCPSL(4n,R)(V0#L(i, n − i)) = (GL(1,R)×GL(1,R))◦〈i〉〈−E〉 × V0/V ⊥0 = 22 ×
V0/V
⊥
0 = V0 × L.
If n is even and i = n/2, there is a short exact sequence
1→ GL(n,C)
2
〈−E〉 → CPSL(4n,R)(V0 × L)→ Hom(G× L, 〈−E〉)ρ → 1
where the elementary abelian group to the right is all of Hom(G × L, 〈−E〉) = 24.
Hence the centralizer
CPSL(4n,R)(V0 × L) =
(
GL(n,C)2
〈−E〉 × V0/V
⊥
0
)
⋊ 〈C1, C2〉
where C2 is as above and C1 is the (4n × 4n)-matrix
(
0 E
E 0
)
. The matrix C2
commutes with V0/V
⊥
0 and acts as complex conjugation on
GL(n,C)2
〈−E〉 . The matrix
C1 commutes with V0/V
⊥
0 and switches the two factors of GL(n,C)
2. The center
of the centralizer is the pull-back of the group homomorphisms
GL(n,R) ◦ 〈i〉 × 〈(E,−E)〉
〈−E〉 × V0/V
⊥
0 =
(
GL(n,C)2
〈−E〉 × V0/V
⊥
0
)〈C1,C2〉
→ Aut
(
GL(n,C)2
〈−E〉 × V0/V
⊥
0
)
← 〈C1, C2〉
which is ZCPSL(4n,R)(V0 × L) = GL(1,R)◦〈i〉×〈(E,−E)〉〈−E〉 × V0/V ⊥0 = 22 × V0/V ⊥0 =
V0 × L.
H−#L(i, n− i) As above we have that
CPSL(4n,R)(H− × L) =
{
GL(i,H)×GL(n−i,H)
〈−E〉 ×H− i < [n/2]
GL(i,H)2
〈−E〉 ⋊ 〈C1〉 ×H− n even and i = n/2
with center ZCPSL(4n,R)(H− × L) = GL(1,R)×GL(1,R)〈−E〉 = 2 ×H− = H− × L in case
i 6= n − i. If n is even and i = n/2, then the center is the pull-back of the group
homomorphisms
GL(i,H)× 〈(−E,E)〉
〈−E〉 ×H− =
GL(i,H)2
〈−E〉 ×H− → Aut
(
GL(i,H)2
〈−E〉 ×H−
)
← 〈C1〉
which is ZCPSL(4n,R)(H− × L) = GL(1,R)×〈(−E,E)〉〈−E〉 ×H− = 2×H− = H− × L. 
CHAPTER 5
The B-family
The B-family consists of the matrix groups
SL(2n+ 1,R), n ≥ 2,
of real (2n+ 1)× (2n+ 1) matrices of determinant +1. When n = 1 we obtain the
2-compact group SL(3,R) = PGL(2,C) considered in Chapter 3. The embedding
GL(2n,R)→ SL(2n+ 1,R) : A→
(
A 0
0 detA
)
permits us to consider GL(2n,R) as a maximal rank subgroup of SL(2n + 1,R).
The maximal torus normalizer for the subgroup GL(2n,R) is also the maximal torus
normalizer for SL(2n + 1,R), N(SL(2n + 1,R)) = N(GL(2n,R) (4.1), so that, in
particular, the Weyl group W (SL(2n+ 1,R)) =W (GL(2n,R)) = Σ2 ≀ Σn (4.2).
It is known that [35, 1.6] [24, Main Theorem]
H0(W ; Tˇ ) = Z/2, H1(W ; Tˇ ) =
{
Z/2 n = 2
Z/2× Z/2 n > 2
for these groups.
The full general linear group GL(2n + 1,R) = SL(2n + 1,R) × 〈−E〉 is the
direct product of SL(2n + 1,R) with the opposite of the identity matrix so that
PGL(2n+ 1,R) = SL(2n+ 1,R).
1. The structure of SL(2n+ 1,R)
Consider the elementary abelian 2-groups
∆2n+1 = 〈diag(±1, . . . ,±1)〉 ⊂ GL(2n+ 1,R)
S∆2n+1 = SL(2n+ 1,R) ∩∆2n+1 ⊂ SL(2n+ 1,R)
t = t(SL(2n+ 1,R)) = ∆2n+1 ∩ T (SL(2n+ 1,R)) = 〈e1, . . . , en〉 ⊂ T (SL(2n+ 1,R))
in GL(2n+ 1,R) and SL(2n+ 1,R).
5.1. Lemma. The inclusion functors
A(Σ2n+1,∆2n+1)→ A(GL(2n+ 1,R)), A(Σ2n+1, S∆2n+1)→ A(SL(2n+ 1,R)),
A(Σ2 ≀ Σn, t)→ A(SL(2n+ 1,R))≤t
are equivalences of categories.
Proof. Similar to 4.12. A(SL(2n+ 1,R) is a full subcategory of A(GL(2n+
1,R) since conjugation with the central element −E of negative determinant is the
identity. 
The Quillen categories A(GL(2n,R)) = A(Σ2n,∆2n) A(SL(2n + 1,R)) =
A(Σ2n+1,∆2n+1) (4.12, 5.1) are not equivalent.
For any partition i = (i0, i1), i0 ≥ 0, i1 > 0, of 2n+ 1, let L[i0, i1] ⊂ ∆2n+1 be
the subgroup generated by
diag(
i0︷ ︸︸ ︷
+1, . . . ,+1,
i1︷ ︸︸ ︷
−1, . . . ,−1) = (i0ρ0 + i1ρ1)(e1)
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For any partition (i0, i1, i2, i3) of 2n+ 1 where at least two of i1, i2, i3 are positive,
let P [i0, i1, i2, i3] ⊂ ∆2n+1 be the subgroup generated by
diag(
i0︷ ︸︸ ︷
+1, . . . ,+1,
i1︷ ︸︸ ︷
−1, . . . ,−1,
i2︷ ︸︸ ︷
+1, . . . ,+1,
i3︷ ︸︸ ︷
−1, . . . ,−1) = (i0ρ0 + i1ρ1 + i2ρ2 + i3ρ3)(e1)
diag(
i0︷ ︸︸ ︷
+1, . . . ,+1,
i1︷ ︸︸ ︷
+1, . . . ,+1,
i2︷ ︸︸ ︷
−1, . . . ,−1,
i3︷ ︸︸ ︷
−1, . . . ,−1) = (i0ρ0 + i1ρ1 + i2ρ2 + i3ρ3)(e2)
Note that L[i0, i1] is a subgroup of S∆2n+1 if and only if i1 is even, and that
P [i0, i1, i2, i3] is a subbgroup of S∆2n+1 if and only of i1, i2, i3 have the same parity,
the opposite parity of i0.
Let P (k, r) denote the number of partitions of k = i0 + · · ·+ ir−1 into sums of
r positive integers 1 ≤ i0 ≤ · · · ≤ ir−1. From the above discussion we conclude
5.2. Proposition. The category A(SL(2n+ 1,R)) contains precisely
• n isomorphism classes of rank one objects represented by the lines L[2i0+
1, 2i1] where 0 ≤ i0 ≤ n− 1 and i1 = n− i0.
• ∑nj=2 P (j, 2)+∑nj=3 P (j, 3) isomorphism classes of toral rank two objects.
They are represented by the subgroups P [2i0 + 1, 2i1, 2i2, 0], where 0 ≤
i0 ≤ n− 2 and (i1, i2) is a partition of n− i0, together with the subgroups
P [2i0 + 1, 2i1, 2i2, 2i3], where 0 ≤ i0 ≤ n − 3 and (i1, i2, i3) is a partition
of n− i0.
• ∑n+2j=3 P (j, 3) isomorphism classes of nontoral rank two objects represented
by the subgroups P [2i0, 2i1 − 1, 2i2 − 1, 2i3 − 1] where 0 ≤ i0 ≤ n− 1 and
(i1, i2, i3) is a partition of n− i0 + 2.
The centralizers of these objects are
CSL(2n+1,R)L[2i0 + 1, 2i1] = SL(2n+ 1,R) ∩
(
GL(2i0 + 1,R)×GL(2i1,R)
)
= SL(2i0 + 1,R)×GL(2i1,R)
(5.3)
CSL(2n+1,R)P [i] = SL(2n+ 1,R) ∩
∏
j∈i
GL(j,R)
=
{
SL(2i0 + 1,R)×GL(2i1,R)×GL(2i2,R)×GL(2i3,R) P [i] toral
GL(2i0,R)×GL(2i1 − 1,R)×GL(2i2 − 1,R)× SL(2i3 − 1,R) P [i] nontoral
(5.4)
as, for instance,
SL(2n+ 1,R) ∩ (GL(2i0 + 1,R)×GL(2i1,R))
= SL(2n+ 1,R) ∩ (SL(2i0 + 1,R)× 〈−E〉 × SL(2i1,R)⋊ 〈D〉 )
= SL(2i0 + 1,R)× SL(2i1,R)⋊ 〈−D〉 = SL(2i0 + 1,R)×GL(2i1,R),
and the centers of the centralizers are
ZCSL(2n+1,R)L[2i0 + 1, 2i1] = L[2i0 + 1, 2i1],
(5.5)
ZCSL(2n+1,R)P [i] = SL(2n+ 1,R) ∩
∏
ij>0
ZGL(ij ,R) =
{
P [i] #{j | ij > 0} = 3
P [i]× Z/2 #{j | ij > 0} = 4
(5.6)
5.7. Lemma. For any nontrivial subgroup V ⊂ S∆2n+1 there is a natural iso-
morphism
ZCSL(2n+1,R)(V ) = H
0(Σ2n+1(V );S∆2n+1)
where Σ2n+1(V ) is the point-wise stabilizer subgroup ( 2.68).
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≤t
≤2
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Proof. Let V ⊂ S∆2n+1 be any nontrivial subgroup of rank r. Then V =
V [i] is the image of
∑
ρ∈V ∨ iρρ for some function i : Hom((Z/2)
r,R×)→ Z where∑
ρ∈V ∨ iρ = 2n+ 1 and
ZCSL(2n+1,R)V [i] = Z
(
SL(2n+ 1,R) ∩
∏
iρ>0
GL(iρ,R)
)
= SL(2n+ 1,R) ∩
∏
iρ>0
ZGL(iρ,R) = S∆2n+1 ∩∆
∏
Σiρ
2n+1 = S∆
Σ2n+1(V [i])
2n+1
where the second equality can be proved by using that CGL(i,R)SL(i,R) = ZGL(i,R)
and the final equality follows from the observation that the stabilizer subgroup
Σ2n+1(V [i]) =
∏
iρ>0
Σiρ . 
5.8. Corollary. limi(A(SL(2n+1,R), π1(BZCSL(2n+1,R))) = 0 for all i > 0.
Proof. Immediate from the general exactness theorem (2.69) for functors of
the form as in 5.7. 
5.9. Proposition. Centralizers of objects of A(SL(2n+ 1,R))≤t≤2 are LHS.
Proof. Let X1 and X2 be connected Lie groups and π1 and π2 finite 2-groups
acting on them. Suppose that the homomorphisms θ(X1)
pi1 and θ(X1)
pi1 (2.20) are
surjective. Then also θ(X1 ×X2)pi1×pi2 is surjective and so the product X1 ⋊ π1 ×
X2 ⋊ π2 is LHS (2.28). This observation applies to the products (5.3, 5.4) since
the θ-homomorphisms are surjective [24, 5.4] (2.29) for SL(2i + 1,R), i ≥ 0, and
SL(2i,R), i ≥ 1. 
2. The limit of the functor H1(W ; Tˇ )/H1(π0; Zˇ( )0) on A(PSL(2n+ 1,R))
≤t
≤2
In this subsection we check, using a modification of 2.53, that conditions (1) and
(2) of 2.51 with X = SL(2n + 1,R) are satisfied under the inductive assumptions
that the connected 2-compact groups SL(2i + 1,R), 0 ≤ i < n, and SL(2i,R),
1 ≤ i ≤ n, are uniquely N -determined.
The objects V ⊂ SL(2n + 1,R) of the category A(PSL(2n + 1,R))≤t≤2 are the
rank one objects L[i0, i1] and the rank two objects P [2i0+1, 2i1, 2i2, 0] and P [2i0+
1, 2i1, 2i2, 2i3] as described in 5.2. The rank two object P [2i0 + 1, 2i1, 2i2, 2i3],
i3 ≥ 0, contains the three lines L[2i0+2i1+1, 2i2+2i3], L[2i0+2i2+1, 2i1+ 2i3],
and L[2i0 + 2i3 + 1, 2i1 + 2i2]. Their centralizers are described in (5.3) and (5.4).
Note that there are functorial isomorphisms
(5.11) TˇW0(CSL(2n+1,R)(V )) = (Z/2)min{i0,1} × Zˇ(CSL(2n+1,R)(V )0)
as modules over π0CSL(2n+1,R)(V ).
Condition (1) of 2.51 is satisfied as CX(V ) has N -determined automorphisms
and is N -determined for general reasons (2.39, 2.35, 2.40). This means that there
are isomorphisms, αV and fV , such that the diagrams
CN (V )
αV
∼=
//

CN (V )

CX(V )
fV
∼= // CX′(V )
commute and αV ∈ H1(W ; Tˇ )(CX (V )). There may be more than choice for αV
but for each αV there is just one possibility for fV (2.13). The set of possible αV
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for a given V is a H1(π0; Zˇ(( )0))(CX (V ))-coset in H
1(W ; Tˇ )(CX(V )) (2.37). The
collection of the αV for various V represents an element of the inverse limit
(5.12) lim0
(
A(SL(2n+ 1,R))≤t≤2,
H1(W ; Tˇ )
H1(π0; Zˇ(( )0))
)
of the quotient functor over the category A(SL(2n + 1,R))≤t≤2. Condition (2) of
2.51 is satisfied if the restriction map from H1(W ; Tˇ )(SL(2n + 1,R)) to (5.12)
is surjective. Because of the natural splitting (5.11) and because the centralizers
CSL(2n+1,R)(V ) are LHS there is a short exact sequence
0→ Hom(π0, (Z/2)min{i0,1})→ H
1(W ; Tˇ )
H1(π0; Zˇ(( )0))
→ H1(W0; Tˇ )pi0 → 0
of functors on A(SL(2n+1,R))≤t≤2. If we apply the functor Hom(π0, (Z/2)
min{i0,1})
to the morphisms
(5.13) L[2i0 + 1, 2i1 + 2i2]→ P [2i0 + 1, 2i1, 2i2, 0]← L[2i0 + 2i1 + 1, 2i2]
we see that the induced morphisms are injective and that their images intersect
trivially. Thus the inverse limit of this functor is trivial and from the above short
exact sequence we obtain an injective map
lim0
(
A(SL(2n+1,R))≤t≤2,
H1(W ; Tˇ )
H1(π0; Zˇ(( )0))
)→ lim0 (A(SL(2n+1,R))≤t≤2, H1(W0; Tˇ )pi0)
between the inverse limits. As the inverse limit to the right is a subgroup of the
inverse limit of the functor H1(W0; Tˇ ) we conclude that if the restriction map
(5.14) H1(W0; Tˇ )(SL(2n+ 1,R))→ lim0
(
A(SL(2n+ 1,R))≤t≤2, H
1(W0; Tˇ )
)
is surjective, then condition (2) of 2.51 is satisfied.
5.15. Lemma. The restriction homomorphism ( 5.14) is an isomorphism for all
n ≥ 2.
Proof. For n = 2, the image under the functor H1(W0; Tˇ ) of the category
L[1, 4] → P [1, 2, 2, 0] ← L[3, 2] is 0 → 0 ← Z/2 so that the limit of the functor
H1(W0; Tˇ ) is Z/2. Since SL(3,R) × SL(2;R) → SL(5,R) turns out to induce an
isomorphism on H1(W0; Tˇ ) the claim follows in this case.
For n = 3, taking into account only the planes of type P [2i0− 1, 2i1, 2i2, 0], we
should compute the limit of the diagram
H1(W0CSL(7,R)L[1, 6])
**UUU
UUU
UUU
UUU
UUU
UU
H1(W0CSL(7,R)P [1, 4, 2, 0])
H1(W0CSL(7,R)L[3, 4])
44iiiiiiiiiiiiiiiii
**UUU
UUU
UUU
UUU
UUU
UU
H1(W0CSL(7,R)P [3, 2, 2, 0])
H1(W0CSL(7,R)L[5, 2])
==|||||||||||||||||||||||||||||||||
44iiiiiiiiiiiiiiiii
of F2-vector spaces. For each of the planes P take the intersections of the images in
the cohomology groups H1(W0CSL(7,R)P ; Tˇ ) of H
1(W0CSL(7,R)L; Tˇ ) for each line
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L ⊂ P . Take the intersection of the pre-images in eachH1(W0CSL(7,R)L; Tˇ ) of these
subspaces of H1(W0CSL(7,R)P ; Tˇ ). Using the computer program magma one may
see that these subspaces have dimensions 1, 2, 2 for L = L[1, 6], L[3, 4], L[5, 2], re-
spectively, and that they equal the image of the restriction maps fromH1(W0; Tˇ )(SL(7,R)).
This shows that the lemma is true in this case.
In general, the above mentioned subspaces of H1(W0CSL(7,R)L; Tˇ ) have dimen-
sion 1 for L = L[1, 2n] and dimension 2 for the lines L = L[2i + 1, 2n − 2i] with
1 ≤ i ≤ n − 1 and these subspaces equal the image of the restriction maps from
H1(W0; Tˇ )(SL(2n+ 1,R)). 
3. Rank two nontoral objects of A(SL(2n+ 1,R))
The nontoral rank two objects of A(SL(2n + 1,R)) are represented by the
subgroups P [i] ⊂ S∆2n+1 generated by the elements
e1 = diag(
2i0︷ ︸︸ ︷
+1, . . . ,+1,
2i1−1︷ ︸︸ ︷
−1, . . . ,−1,
2i2−1︷ ︸︸ ︷
+1, . . . ,+1,
2i3−1︷ ︸︸ ︷
−1, . . . ,−1)
e2 = diag(
2i0︷ ︸︸ ︷
+1, . . . ,+1,
2i1−1︷ ︸︸ ︷
+1, . . . ,+1,
2i2−1︷ ︸︸ ︷
−1, . . . ,−1,
2i3−1︷ ︸︸ ︷
−1, . . . ,−1)
where i = (2i0, 2i1 − 1, 2i2 − 1, 2i3 − 1), 0 ≤ i0 ≤ n− 1 and (i1, i2, i3) is a partition
of n+ 2− i0 (5.2). The generators of P [i] may also be written as
e1 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,E,
i1−1︷ ︸︸ ︷
−E, . . . ,−E,−R,
i2−1︷ ︸︸ ︷
E, . . . , E,
i3−1︷ ︸︸ ︷
−E, . . . ,−E,−1), R =
(
1 0
0 −1
)(5.17)
e2 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,E,
i1−1︷ ︸︸ ︷
E, . . . , E,R,
i2−1︷ ︸︸ ︷
−E, . . . ,−E,
i3−1︷ ︸︸ ︷
−E, . . . ,−E,−1)
(5.18)
The centralizer of P [i] is
CSL(2n+1,R)P [i] = SL(2n+ 1,R) ∩
(
GL(2i0,R)×GL(2i1 − 1,R)×GL(2i2 − 1,R)×GL(2i3 − 1,R)
)
= GL(2i0,R)×GL(2i1 − 1,R)×GL(2i2 − 1,R)× SL(2i3 − 1,R)
Note that P [i] is contained in the maximal torus normalizer N(SL(2n + 1,R)) =
GL(2,R) ≀ Σn. Since the centralizer of P [i] in the maximal torus normalizer,
CGL(2,R)≀ΣnP [i] = GL(2,R) ≀ Σi0 ×GL(2,R) ≀ Σi1−1 ×GL(1,R)
×GL(1,R)×GL(2,R) ≀ Σi2−1 ×GL(2,R) ≀ Σi3−1,
is the maximal torus normalizer for the centralizer of P [i], the lift P [i] ⊂ N(SL(2n+
1,R)) is a preferred lift of P [i] ⊂ SL(2n + 1,R) [45]. The two other preferred
lifts are given by composing with the permutation matrices for the permutations
(1, 2)(i0 + i1, 2n + 1) and (1, 2)(i0 + i1 + 1, 2n + 1) (assuming i0 > 0) resulting in
the lifts given by
e1 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,E,
i1−1︷ ︸︸ ︷
−E, . . . ,−E,−E,
i2−1︷ ︸︸ ︷
E, . . . , E,
i3−1︷ ︸︸ ︷
−E, . . . ,−E,−1),
e2 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,E,
i1−1︷ ︸︸ ︷
E, . . . , E,R,
i2−1︷ ︸︸ ︷
−E, . . . ,−E,
i3−1︷ ︸︸ ︷
−E, . . . ,−E,−1)
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and
e1 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,E,
i1−1︷ ︸︸ ︷
−E, . . . ,−E,R,
i2−1︷ ︸︸ ︷
E, . . . , E,
i3−1︷ ︸︸ ︷
−E, . . . ,−E,−1),
e2 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,E,
i1−1︷ ︸︸ ︷
E, . . . , E,−E,
i2−1︷ ︸︸ ︷
−E, . . . ,−E,
i3−1︷ ︸︸ ︷
−E, . . . ,−E,−1)
respectively. These two lifts are also preferred lifts of P [i] ⊂ SL(2n + 1,R). The
three preferred lifts are not conjugate in N(SL(2n+1,R)) because the intersection
with the maximal torus is generated by e1+e2 in the first case and by e1, respectively
e2, in the next two cases. Note that all three preferred lifts have the same maximal
torus, SL(2,R)i0 × SL(2,R)i1−1 × SL(2,R)i2−1 × SL(2,R)i3−1.
Let U = 〈e1, e2, e3〉 be elementary abelian 2-group generated by e1 and e2 as in
(5.17, 5.18) together with
e3 = diag(
i0−1︷ ︸︸ ︷
E, . . . , E,R,
i1−1︷ ︸︸ ︷
E, . . . , E,E,
i2−1︷ ︸︸ ︷
E, . . . , E,
i3−1︷ ︸︸ ︷
E, . . . , E,−1),
Note that the centralizer of U has a nontrivial identity component, that the inclusion
U ⊂ CSL(2n+1,R)P [i] induces an isomorphism on π0.
Under the inductive assumption that SL(2i,R), 1 ≤ i ≤ n−1, and SL(2i−1,R),
1 ≤ i ≤ n, have π∗(N)-determined automorphisms (or using [31]) we conclude from
2.63 and 2.64 and (part of) [42, 5.2] that condition (3) of 2.51 is satisfied for
SL(2n + 1,R). (Namely, 2.63.(1) says that ν′L does not depend on the choice of
L < V . The difference f−1ν,L2 ◦fν,L1 between any two of the maps fν,L from 2.51.(3) is
an automorphismof CSL(2n+1,R)P [i] that, by 2.63.(2), is the identity on the identity
component and by the commutative diagram (2.64)
(5.19) U
xxqqq
qq
qq
qq
qq
&&MM
MM
MM
MM
MM
M
CSL(2n+1,R)P [i]
f−1ν,L2
◦fν,L1
// CSL(2n+1,R)P [i]
also the identity on π0CSL(2n+1,R)P [i]. Any such automorphism of CSL(2n+1,R)P [i]
has [42, 5.2] the form A→ ϕ(A)A where
ϕ : GL(2i0,R)×GL(2i1 − 1,R)×GL(2i2 − 1,R)× SL(2i3 − 1,R)→
π0
(
GL(2i0,R)×GL(2i1−1,R)×GL(2i2−1,R)×SL(2i3−1,R)
)→ ZGL(2i0,R)
is some homomorphisms. Diagram (5.19) thus implies that the inclusion U →
SL(2n + 1,R) and the monomorphism given by ei → ϕ(ei)ei, 1 ≤ i ≤ 3, are
conjugate. Since the trace of ei, 1 ≤ i ≤ 3, is odd (nonzero), ϕ must be trivial.
Thus fν,L1 and fν,L2 are identical isomorphisms.)
CHAPTER 6
The C-family
Let H = {a + bj|a, b ∈ C}, where j2 = −1 and ja = aj for a ∈ C, be the
quaternion algebra. The C-family consists of the matrix groups
PGL(n,H) = GL(n,H)/ 〈−E〉 , n ≥ 3,
of quaternion projective n×nmatrices. (These 2-compact groups also exist for n = 1
or n = 2. However, PGL(1,H) = SL(3,R) = PGL(2,C) and PGL(2,H) = SL(5,R)
(9.25) are already covered.)
The maximal torus normalizer for GL(1,H) = H×, generated by the maximal
torus GL(1,C) = C× and the element j, sits in the non-split extension
1→ GL(1,C)→ N(GL(1,H))→ 〈j〉 / 〈−1〉 → 1
of Σ2 by GL(1,C) = C
×. The maximal torus normalizer for GL(n,H) is the
subgroup
N(GL(n,H)) = N(GL(1,H)) ≀ Σn,
generated by N(GL(1,H))n ⊂ GL(n,H) and the permutation matrices. The max-
imal torus normalizer for PGL(n,H), the quotient N(GL(n,H)) by the order two
group 〈−E〉, sits in the extension
1→ GL(1,C)
n
〈−E〉 →
N(GL(1,H))n
〈−E〉 →
N(GL(1,H))
GL(1,C)
≀ Σn → 1
which does not split (for n ≥ 3).
It is known that [35, 1.6] [24, Main Theorem]
H0(W ; Tˇ )(PGL(n,H)) = 0, H1(W ; Tˇ )(PGL(n,H)) =
{
Z/2 n = 3, 4
0 n > 4
for the projective groups.
1. The structure of PGL(n,H)
Let
∆n = t(GL(n,H)) = 〈diag(±1, . . . ,±1)〉 ⊂ GL(n,H)
be the maximal elementary abelian 2-group in GL(n,H) and C4 = 〈I〉 ⊂ GL(n,H)
the cyclic order four group generated by I = diag(i, . . . , i). The maximal elementary
abelian 2-group in PGL(n,H) is the quotient
t(PGL(n,H)) =
t(PGL(n,H))∗
〈−E〉 , t(PGL(n,H))
∗ = C4 ◦ t(GL(n,H))
so that the toral part of the Quillen category is equivalent
A(PGL(n,H))≤t = A(C2 ≀ Σn, C4 ◦ 〈diag(±1, . . . ,±1)〉〈−E〉 )
to the category whose objects are nontrivial subgroups of t(PGL(n,H)) and whose
morphisms are induced from the action of the Weyl group.
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For any partition i = (i0, i1) of n = i0 + i1 into a sum of two positive integers
i0 ≥ i1 ≥ 1 > 0 let L[i] = L[i0, i1] ⊂ GL(n,H) be the subgroup generated by
diag(
i0︷ ︸︸ ︷
+1, . . . ,+1,
i1︷ ︸︸ ︷
−1, . . . ,−1)
Then the centralizer
(6.2) CPGL(n,H)L[i0, i1] =


GL(i0,H)×GL(i1,H)
〈−E〉 i0 6= i1
GL(i0,H)
2
〈−E〉 ⋊
〈(0 E
E 0
)
〈−E〉
〉
i0 = i1
so that the center ZCPGL(n,H)L[i0, i1] = L[i0, i1] as in the proof of 4.54 and 9.18.
Let (also) I ∈ PGL(n,H) denote the order two element that is the image of the
order four element i ∈ GL(n,H). Then
(6.3) CPGL(n,H)(I) =
GL(n,C)
〈−E〉 ⋊ 〈j 〈−E〉〉
so that the center ZCPGL(n,H)(I) = 〈I〉 as shown in the proof of 4.54.
For any partition (i0, i1, i2, 0) of n = i0 + i1 + i2 into a sum of three positive
integers i0 ≥ i1 ≥ i2 > 0 or any partition (i0, i1, i2, i3) of n = i0 + i1 + i2 + i3 into
a sum of four positive integers i0 ≥ i1 ≥ i2 ≥ i3 > 0 let P [i0, i1, i2, i3] ⊂ ∆2n+1 be
the subgroup generated by the two elements
diag(
i0︷ ︸︸ ︷
+1, . . . ,+1,
i1︷ ︸︸ ︷
−1, . . . ,−1,
i2︷ ︸︸ ︷
+1, . . . ,+1,
i3︷ ︸︸ ︷
−1, . . . ,−1)
diag(
i0︷ ︸︸ ︷
+1, . . . ,+1,
i1︷ ︸︸ ︷
+1, . . . ,+1,
i2︷ ︸︸ ︷
−1, . . . ,−1,
i3︷ ︸︸ ︷
−1, . . . ,−1)
Then the centralizer
(6.4) CPGL(n,H)P [i] =


GL(i0,H)
4
〈−E〉 ⋊ (C2 × C2) i = (i0, i0, i0, i0)
GL(i0,H)
2×GL(i2,H)
2
〈−E〉 ⋊ C2 i = (i0, i0, i2, i2)
GL(i0,H)×GL(i1,H)×GL(i2,H)×GL(i3,H)
〈−E〉 #i = 4
where the groups C2 are generated by permutation matrices.
For any partition i = (i0, i1) of n = i0 + i1 into a sum of two positive integers
i0 ≥ i1 > 0 let I#L[i0, i1] ⊂ PGL(n,H) be the elementary abelian 2-group that is
the quotient of
(I#L[i0, i1])
∗ =
〈
I, diag(
i0︷ ︸︸ ︷
+1, . . . ,+1,
i1︷ ︸︸ ︷
−1, . . . ,−1)〉
Then the centralizer
(6.5) CPGL(n,H)I#L[i0, i1] =


GL(i0,C)×GL(i1,C)
〈−E〉 ⋊ 〈j 〈−E〉〉 i0 6= i1
GL(i0,C)
2
〈−E〉 ⋊
〈
j 〈−E〉 ,
(
0 E
E 0
)
〈−E〉
〉
i0 = i1
6.6. Proposition. The category A(PGL(n,H)) contains exactly
• [n/2]+ 1 rank one toral objects represented by the lines L[i, n− i], 1 ≤ i ≤
[n/2] (with q = 0), and by the line I (with q 6= 0).
• P (n, 3) + P (n, 4) + [n/2] rank two toral objects represented by the P (n, 3)
planes P [i0, i1, i2, 0] (with q = 0), the P (n, 4) planes P [i0, i1, i2, i3] (with
q = 0), and the [n/2] planes I#L[i, n− i], 1 ≤ i ≤ [n/2] (with q 6= 0).
6.7. Proposition. Let V ⊂ PGL(n,H) be a nontrivial elementary abelian 2-
group. Then
V is toral ⇐⇒ [V, V ] 6= 0
2. THE LIMIT OF THE FUNCTOR H1(W0; Tˇ )
W/W0 ON A(PGL(n,H)≤t
≤2
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Proof. The proof is similar to 4.10 with the extra input that all elementary
abelian 2-groups in GL(n,H) are toral by quaternion representation theory [1]. 
6.9. Proposition. Centralizers of objects of A(GL(n,H))≤t≤2 are LHS.
Proof. The centralizers C = C0⋊π in question are the nonconnected central-
izers listed in (6.2), (6.3), (6.4), and (6.5). In fact, we only need to deal with
GL(i,H)2
〈−E〉 ⋊ C2,
GL(i0,H)
2 ×GL(i1,H)2
〈−E〉 ⋊ C2,
GL(i,H)4
〈−E〉 ⋊ (C2 × C2)
as the other cases are covered by 4.19. It suffices (2.28) to show that θ(C0)
pi (2.20)
is surjective.
Computations with the program magma results in the table
GL(i,H)2
〈−E〉 ⋊ C2 ker θ Hom(W, Tˇ
W ) H1(W ; Tˇ ) θ H1(W ; Tˇ )pi
1 = i (Z/2)2 (Z/2)2 0 epi 0
2 = i (Z/2)2 (Z/2)4 (Z/2)3 (Z/2)2
2 < i 0 (Z/2)4 (Z/2)4 iso (Z/2)2
From the table we see that θpi is surjective unless i = 2. In that exceptional case,
more compute computations show that H1(π; TˇW ) = Z/2 and H1(W ⋊ C2; Tˇ ) =
(Z/2)3 which means that also GL(2,H)
2
〈−E〉 ⋊ C2 is LHS.
Computations with the program magma results in the table
GL(i0,H)
2×GL(i1,H)
2
〈−E〉 ker θ Hom(W, Tˇ
W ) H1(W ; Tˇ ) θ H1(W ; Tˇ )pi
1 = i0, 2 = i1 (Z/2)
4 (Z/2)18 (Z/2)14 epi (Z/2)7
1 = i0, 2 < i1 (Z/2)
2 (Z/2)18 (Z/2)16 epi (Z/2)8
2 = i0 < i1 (Z/2)
2 (Z/2)24 (Z/2)22 epi (Z/2)11
3 < i0 < i1 0 (Z/2)
24 (Z/2)24 iso (Z/2)12
Since θ is surjective andH>0(π; ker θ) = 0 because the action of π on ker θ is induced
from the trivial subgroup, θpi is surjective.
Computations with the program magma results in the table
GL(i,H)4
〈−E〉 ⋊ (C2 × C2) ker θ Hom(W, TˇW ) H1(W ; Tˇ ) θ H1(W ; Tˇ )pi
1 = i (Z/2)4 (Z/2)12 (Z/2)8 epi (Z/2)2
2 = i (Z/2)4 (Z/2)24 (Z/2)20 epi (Z/2)5
2 < i 0 (Z/2)24 (Z/2)24 iso (Z/2)6
Since θ is surjective andH>0(π; ker θ) = 0 because the action of π on ker θ is induced
from the trivial subgroup, θpi is surjective. 
2. The limit of the functor H1(W0; Tˇ )
W/W0 on A(PGL(n,H)≤t≤2
Let H1(W0; Tˇ ) : A(PGL(n,H))
≤t
≤t → Ab be the functor that takes the toral ele-
mentary abelian 2-group V ⊂ t(PGL(n,H)) to the abelian groupH1(W0(CPGL(n,H)(V ); Tˇ )),
and H1(W0; Tˇ )
W/W0 the functor that takes V to the the invariants for the action
of the component group π0CPGL(n,H)(V ) on this first cohomology group.
6.11. Proposition. The restriction map
H1(W (PGL(n,H); Tˇ )→ lim0(A(PGL(n,H))≤t≤2, H1(W0; Tˇ )W/W0 )
is an isomorphism for all n > 3.
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Proof. PGL(4,H): Computer computations show that the intersection of the im-
ages of the morphisms
H1(W0; Tˇ )
W/W0(L[1, 3])→ H1(W0; Tˇ )W/W0 (I#L[1, 3])
∼=←− H1(W0; Tˇ )W/W0 (I)
is 1-dimensional and that its pre-image in H1(W0; Tˇ )
W/W0 (I) equals the image
of the restriction map from H1(W, Tˇ )(PGL(4,H)). Similarly, the images of the
monomorphisms
H1(W0; Tˇ )
W/W0(L[1, 3]) →֒ H1(W0; Tˇ )W/W0(P [1, 1, 2, 0]) ←֓ H1(W0; Tˇ )W/W0(L[2, 2])
meet in a 1-dimensional subspace whose inverse images in the cohomology groups
to the right and to the left agree with the images of the restriction maps from
H1(W, Tˇ )(PGL(4,H)).
PGL(n,H), n > 4: Computer computations show that the images of the morphisms
H1(W0; Tˇ )
W/W0(L[1, n−1])→ H1(W0; Tˇ )W/W0(I#L[1, n−1])
∼=←− H1(W0; Tˇ )W/W0 (I)
intersect trivially and that the arrow pointing left is an isomorphism. Similarly, the
images of the injective morphisms
H1(W0; Tˇ )
W/W0(L[i, n− i]) →֒ H1(W0; Tˇ )W/W0 (P [i, 1, n− i− 1, 0])
←֓ H1(W0; Tˇ )W/W0 (L[i+ 1, n− i− 1]), 1 ≤ i < [n/2],
intersect trivially. These observations imply that lim0(A(PGL(n,H))≤t≤2, H
1(W0; Tˇ )
W/W0 ) =
0. 
3. The category A(PGL(n,H))
[ , ] 6=0
≤4
We shall need information about all nontoral objects of A(PGL(n,H)) of rank
≤ 3 and some objects of rank 4. If V ⊂ PGL(n,H) is an elementary abelian 2-
group with nontrivial inner product then its preimage V ∗ ⊂ GL(n,H) is P×R(V ) or
(C4◦P )×R(V ) where P is an extraspecial 2-group, C4◦P a generalized extraspecial
2-group, and ✵1(V
∗) = 〈−E〉 (4.8). We manufacture all oriented quaternion repre-
sentations of these product groups as direct sums of tensor products of irreducible
representations of the factors (9.6) as described in [1, 3.7, 3.65].
Note that the degrees of the faithful irreducible representations over H for the
groups 21+2+ and C4◦21+2± are even and that the quaternion group 21+2− has a faithful
irreducible representation over H, namely the defining representation.
6.12. The category A(PGL(2n + 1,H))
[ , ] 6=0
≤4 . The category A(PGL(2n +
1,H)) contains up to isomorphism just one nontoral rank two object, H−, whose
inverse image in GL(2n+ 1,H) is
Q8 = 2
1+2
− = 〈diag(i, . . . , i), diag(j, . . . , j)〉
As in 4.50, the centralizers [54, Proposition 4] of 21+2− and H− are
CGL(2n+1,H)(2
1+2
− ) = GL(2n+1,R), CPGL(2n+1,H)(H−) = H−×SL(2n+1,R)
so that ZCPGL(2n+1,H)(H−) = H−.
There are n nontoral objects of rank three, H−#L[i, 2n+1− i], 1 ≤ i ≤ n. The
inverse image in GL(2n+ 1,H) of H−#L[i, 2n+ 1− i] is
〈
diag(i, . . . , i), diag(j, . . . , j), diag(
i︷ ︸︸ ︷
+1, . . . ,+1,
2n+1−i︷ ︸︸ ︷
−1, . . . ,−1)〉
and the center of the centralizer, CPGL(2n+1,H)(H−#L[i, 2n + 1 − i]) = H− ×
CSL(2n+1,R)L[i, n−1], is ZCPGL(2n+1,H)(H−#L[i, 2n+1− i]) = H−#L[i, 2n+1− i]
according to (5.5).
The objects H−#P [i0, i1, i2, i3], where P [i0, i1, i2, i3] is as in 1, are rank four
nontoral objects.
3. THE CATEGORY A(PGL(n,H))
[ , ] 6=0
≤4
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We need to know that the nontoral object H− satisfies condition (3) of 2.51.
Note that the conditions of 2.63 are satisfied because the identity component
of CPGL(2n+1,H)(H−) is nontrivial and because the Quillen automorphism group
A(PGL(2n + 1,H))(H−) = GL(2,F2) acts transitively on the set preferred lifts
H− ⊂ N(PGL(2n+ 1,H)) of H− ⊂ PGL(2n+ 1,H). Under the inductive assump-
tion that SL(2n + 1,R) has π∗(N)-determined automorphisms (or using [31]) we
conclude from 2.51 and diagram (2.64) and (part of) [42, 5.2] that condition (3)
of 2.51 is satisfied for the nontoral rank 2 object H−. (Namely, 2.63.(1) says that
ν′L does not depend on the choice of L < V . The difference f
−1
ν,L2
◦ fν,L1 between
any two of the maps fν,L from 2.51.(3) is an automorphism of CPGL(2n+1,H)(H−)
that, by 2.63.(2), is the identity on the identity component and by the commutative
diagram (2.64)
(6.13) H−
wwooo
oo
oo
oo
oo
o
''OO
OO
OO
OO
OO
OO
CPGL(2n+1,H)(H−)
f−1ν,L2
◦fν,L1
// CPGL(2n+1,H)(H−)
also the identity on π0CPGL(2n+1,H)(H−). Since the identity component SL(2n +
1,R) of the centralizer CPGL(2n+1,H)(H−) has no center, this shows that f
−1
ν,L2
◦fν,L1
is the identity automorphism.)
6.14. Rank two nontoral objects of A(PGL(2n,H)). The categoryA(PGL(2n,H))
contains up to isomorphism two nontoral rank two objects, H+ and H−, whose in-
verse images in GL(2n,H) are
21+2+ = 〈diag(R, . . . , R), diag(T, . . . , T )〉 , R =
(
1 0
0 −1
)
, T =
(
0 1
1 0
)
21+2− = 〈diag(i, . . . , i), diag(j, . . . , j)〉
where the representation of the dihedral group 21+2+ is of real type and the repre-
sentation of the quaternion group 21+2− of quaternion type. This follows from 4.8
because 21+2+ has one faithful irreducible H-representation of degree 2 and 2
1+2
−
has one faithful irreducible H-representation of degree 1. The centralizers are [54,
Proposition 4]
CGL(2n,H)(2
1+2
+ ) = GL(n,H), CPGL(2n,H)(H+) = H+ × PGL(n,H)
CGL(2n,H)(2
1+2
− ) = GL(2n,R), CPGL(2n,H)(H−) = H− × PGL(2n,R)
as we see by an argument similar to that of 4.50. This implies (9.18) that ZCPGL(2n,H)(H) =
H for all nontoral rank two objects H of A(PGL(2n,H)).
We need to know that these nontoral objects satisfy condition (3) of 2.51. To
see this we use 2.63.
H+: Condition (1) of 2.63 is clearly satisfied since the identity component of
CPGL(2n,H)(H+) is nontrivial when n ≥ 3. The group H∗+ = 21+2+ is contained in
N(GL(2n,H)) = N(GL(1,H)) ≀ Σ2n and its centralizer there is
CN(GL(2n,H))(2
1+2
+ ) = CN(GL(1,H))≀Σ2n(2
1+2
+ ) = N(GL(1,H)) ≀ Σn = N(GL(n,H))
and therefore H− is contained in N(GL(2n,H))/ 〈−E〉 = N(PGL(2n,H)) where
its centralizer is
CN(PGL(2n,H))(H+) = H+ ×N(PGL(n,H)) = N(CGL(2n,H)(H+))
as in 4.50. This means that H+ ⊂ N(PGL(2n,H)) is a preferred lift [45] of H+ ⊂
GL(2n,H). Precomposing the inclusion H+ ⊂ N(PGL(2n,H)) with the nontrivial
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element ofA(PGL(2n,H))(H+) = O
+(2,F2) ∼= C2 (6.21) leads to another preferred
lift. The third preferred lift is the quotient of
(21+2+ )
diag(B,...,B) =
〈
diag(RB, . . . , RB), diag((RT )B, . . . , (RT )B)
〉
,
B =
1√
2
(
1 i
i 1
)
, RB = T, (RT )B =
(
i 0
0 −i
)
Note that these three preferred lifts all have the same image in the Weyl group
π0N(GL(2n,H)) = π0(N(GL(1,H))) ≀ Σ2n, namely the subgroup generated by the
permutation (1, 2)(3, 4) · · · (2n− 1, 2n) ∈ Σ2n.
Under the inductive assumption that PGL(n,H) has π∗(N)-determined auto-
morphisms (or using [31]) we conclude from 2.63 and diagram (2.64) and (part of)
[42, 5.2] that condition (3) of 2.51 is satisfied for the nontoral rank 2 object H+
of A(PGL(2n,H)). (Namely, 2.63.(1) says that ν′L does not depend on the choice
of L < V . The difference f−1ν,L2 ◦ fν,L1 between any two of the maps fν,L from
2.51.(3) is an automorphism of CPGL(2n,H)(H+) that, by 2.63.(2), is the identity on
the identity component and by the commutative diagram (2.64)
(6.15) H+
xxqqq
qq
qq
qq
qq
&&MM
MM
MM
MM
MM
M
CPGL(2n,H)(H+)
f−1ν,L2
◦fν,L1
// CPGL(2n,H)(H+)
also the identity on π0CPGL(2n,H)(H+). Since the identity component of CPGL(2n,H)(H+)
has no center, this shows that f−1ν,L2 ◦ fν,L1 is the identity automorphism.)
H−: Condition (1) of 2.63 is clearly satisfied since the identity component of
CPGL(2n,H)(H−) is nontrivial when n ≥ 3. The group H∗− = 21+2− is contained in
N(GL(2n,H)) = N(GL(1,H)) ≀ Σ2n and its centralizer there is
CN(GL(1,H))≀Σ2n(2
1+2
− )
9.10
= CN(GL(1,H))(i, j) ≀ Σn = GL(1,R) ≀ Σ2n = N(GL(2n,R))
and therefore H− is contained in N(GL(2n,H))/ 〈−E〉 = N(PGL(2n,H)) where
its centralizer is
CN(PGL(2n,H))(H−) = H−×N(GL(2n,R))/ 〈−E〉 = H−×N(PGL(2n,R)) = N(CPGL(2n,H)(H−))
as in 4.50. This means that H− ⊂ N(PGL(2n,H)) is a preferred lift [45] of H− ⊂
GL(2n,H). Precomposing the inclusion H− ⊂ N(PGL(2n,H)) with elements of
A(PGL(2n,H))(H−) = O
−(2,F2) = GL(2,F2) (6.21) leads to other two preferred
lifts of H−.
Under the inductive assumption that the identity component PSL(2n,R) of
PGL(2n,R) has π∗(N)-determined automorphisms (or using [31]) we conclude from
2.63 and diagam (2.64) and (part of) [42, 5.2] that condition (3) of 2.51 is satisfied
for the nontoral rank 2 object H− of A(PGL(2n,H)). (The argument for this is the
same as in case of H+ with the little extra complication that π0CPGL(2n,H)(H−)
has an extra generator so that we replace diagram (6.15) by
(6.16) 〈H−, diag(−1, 1, . . . , 1)
uujjjj
jjj
jjj
jjj
jj
))TTT
TTT
TTT
TTT
TTT
CPGL(2n,H)(H+)
f−1ν,L2
◦fν,L1
// CPGL(2n,H)(H+)
from (2.64) where the slanted arrows induce isomorphisms on the component groups.)
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6.17. Rank three nontoral objects of A(PGL(2n,H)). The nontoral rank
three objects of the category A(PGL(2n,H)) are the quotients of H+#L[i, n− i],
1 ≤ i ≤ [n/2], H−#L[i, 2n− i], 1 ≤ i ≤ n, and V0. These subgroups of GL(2n,H)
are defined to be
〈
diag(
n︷ ︸︸ ︷
R, . . . , R), diag(
n︷ ︸︸ ︷
T, . . . , T ), diag(
i︷ ︸︸ ︷
E, . . . , E,
n−i︷ ︸︸ ︷
−E, . . . ,−E)〉
〈
diag(
2n︷ ︸︸ ︷
i, . . . , i), diag(
2n︷ ︸︸ ︷
j, . . . , j), diag(
i︷ ︸︸ ︷
1, . . . , 1,
2n−i︷ ︸︸ ︷
−1, . . . ,−1)〉
〈
diag
( 2n︷ ︸︸ ︷
i, . . . , i
)
, diag(
n︷ ︸︸ ︷
R, . . . , R), diag(
n︷ ︸︸ ︷
T, . . . , T ),
〉
and their centralizers are
CPGL(2n,H)(H+#L[i, n− i]) = H+ × CPGL(n,H)L[i, n− i],
CPGL(2n,H)(H−#L[i, n− i]) = H− × CPGL(2n,R)L[i, 2n− i],
CPGL(2n,H)(V0) = H+ × CPGL(n,H)(I) 6.3= H+ × GL(n,C)〈−E〉 ⋊ 〈j 〈−E〉〉
so that (6.2, 4.54, 6.3) ZCPGL(2n,H)(V ) = V for all nontoral rank three objects V
of A(PGL(2n,H)). The elements of H+#L[i, n− i], H−#L[i, 2n− i], and V0 have
traces (computed in GL(4n,C)) in the sets ±{0, 4n−8i, 4n}, ±{0, 4n−4i, 4n}, and
±{0, 4n}.
6.18. Rank four nontoral objects of A(PGL(2n,H)). H−#P [1, i−1, 2n−
i, 0] ⊂ GL(2n,H), 1 < i ≤ n, is
〈diag(
2n︷ ︸︸ ︷
i, . . . , i), diag(
2n︷ ︸︸ ︷
j, . . . , j), diag(1,
i−1︷ ︸︸ ︷
−1, . . . ,−1,
2n−i︷ ︸︸ ︷
1, . . . , 1), diag(1,
i−1︷ ︸︸ ︷
1, . . . , 1,
2n−i︷ ︸︸ ︷
−1, . . . ,−1)〉
The elements of P have traces {2n + 2 − 2i,−2n + 2i, 2n + 1} and these three
integers are all distinct so that the Quillen automorphism group (6.21) has order
3 · 25. This nontoral rank four object contains the two nontoral rank three objects
H−#L[1, 2n − 1],H−#L[2, 2n − 2] when i = 2 and the three nontoral rank three
objects H−#L[1, 2n− 1],H−#L[i− 1, 2n− i+ 1], H−#L[i, 2n− i] when i > 2.
V0#L[i, n− i] ⊂ GL(2n,C) ⊂ GL(2n,H), 1 ≤ i ≤ [n/2], is the subgroup
〈
diag(
2n︷ ︸︸ ︷
i, . . . , i), diag(
n︷ ︸︸ ︷
R, . . . , R), diag(
n︷ ︸︸ ︷
T, . . . , T ), diag
( i︷ ︸︸ ︷
E, . . . , E,
n−i︷ ︸︸ ︷
−E, . . . ,−E )〉
containing the three rank three objects H+#L[i, n− i], H−#L[2i, 2n− 2i], and V0.
For these nontoral rank four objects E ⊂ GL(2n,H), the center of the central-
izer is finite (4.54) and as, of course, E ⊂ ZCPGL(2n,H)(E) we see that HomA(PGL(2n,H))(St(E), E)
is a subspace of HomA(PGL(2n,H))(St(E), π1BZCPGL(2n,H)(E)).
4. Higher limits of the functor πiBZCPGL(n,H) on A(PGL(n,H))
[ , ] 6=0
In this section we compute the first higher limits of the functors πjBZCPGL(n,H),
j = 1, 2.
6.19. Lemma. lim1 π1BZCPGL(n,H) = 0 = lim
2 π1BZCPGL(n,H) and lim
2 π2BZCPGL(n,H) =
0 = lim3 π2BZCPGL(n,H).
The case j = 2 is easy. Since π2BZCPGL(n,H) has value 0 on all objects of
A(PGL(n,H))[ , ] 6=0 of rank ≤ 4 it is immediate from Oliver’s cochain complex [53]
that lim2 and lim3 of this functor are trivial. We shall therefore now concentrate
on the case j = 1.
For any elementary abelian 2-group E in PGL(n,H) we shall write
(6.20) [E] = HomA(PGL(n,H)(E))(St(E), E)
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for the F2-vector space of F2A(PGL(n,H)(E)-equivariant maps from the Steinberg
representation St(E) over F2 of GL(E) to E. Olivers cochain complex has the form
(4.33).
6.21. Proposition. Regardless of the parity of n, the Quillen automorphism
groups
A(PGL(n,H))(H−) = O
−(2,F2)
A(PGL(n,H))(H−#V ) =
(
O−(2,F2) ∗
0 A(GL(n,R))(V )
)
and dimF2 [H−] = 1 = dimF2 [H−#L[i, 2n+ 1− i]] as described in 4.34 and 4.41.
Proof. A(GL(n,H))(21+2− ) = Out(2
1+2
− ) since all automorphisms of 2
1+2
− pre-
serve the trace. This group maps (isomorphically) to the subgroup O−(2,F2) ⊂
GL(H−) of automorphisms that preserve the quadratic function q on H−. The
Quillen automorphism group of H−#V consists of the automorphisms that lift to
trace preserving automorphisms of 21+2− #V . The dimension of the vector spaces of
equivariant maps was computed by magma. 
In the odd case of GL(2n+ 1,H) the cochain complex (4.33) takes the form
(6.22) 0→ [H−] d
1
−→
∏
1≤i≤n
[H−#L[i, 2n+ 1− i]] d
2
−→
∏
|E|=24
[E]
d3−→ · · ·
and we need to show that d1 is injective and that dim(im d2) ≥ n− 1.
If E = H−#P [i], where P [i] is as in (6.4), then
A(PGL(2n+ 1,H))(H−#P [i]) =
(
O−(2,F2) ∗
0 A(SL(2n+ 1,R))(P [i])
)
where A(SL(2n + 1,R))(P [i]) is the group of trace preserving automorphisms of
P [i]. It turns out that
dimF2 [H−#P [i0, i1, i2, i3]] =


2 A(SL(2n+ 1,R))(P [i]) = {E}
1 A(SL(2n+ 1,R))(P [i]) = C2
0 A(SL(2n+ 1,R))(P [i]) = GL(2,F2)
When n = 1 or n = 2, the cochain complex (6.22) has the form
0→ [H−] d
1
−→ [H−#L[1, 2]] d
2
−→ [H−#P [1, 1, 1, 0]]→ · · ·
0→ [H−] d
1
−→ [H−#L[1, 4]]× [H−#L[2, 3]] d
2
−→ [H−#P [1, 1, 3, 0]]× [H−#P [1, 2, 2, 0]]→ · · ·
where all vector spaces are one-dimensional. In the case of n = 1, d1 is an isomor-
phism, and in the case n = 2, d1 has matrix
(
1 1
)
and d2 has matrix
(
1 1
1 1
)
. In
case n ≥ 3, it is enough to show that d1 is injective and d2 has rank n − 1 in the
cochain complex
0→ [H−] d
1
−→
∏
1≤i≤n
[H−#L[i, 2n+ 1− i]] d
2
−→
∏
2<i≤n
[H−#P [1, i− 1, 2n− i+ 1, 0]]
that agrees with (6.22) in degrees 1, a product of one-dimensional vector spaces,
and 2, a product of two-dimensional vector spaces. The elementary abelian 2-group
H−#P [1, i − 1, 2n − i + 1, 0] ⊂ GL(2n + 1,H) contains the nontoral subspaces
H−#L[1, 2n], H−#L[i − 1, 2n − i + 2], and H−#L[i, 2n − i + 1]. The map f−,
defined exactly as in 4.36, is the nonzero element of [H−] and the maps df−, defined
exactly as in 4.42, are nonzero in H−#L[i, 2n + 1 − i]. Thus d1 is injective. A
magma computation reveals that {ddf−L[i−1,2n−i+2], ddf−L[i,2n−i+1]}, where these
F2A(GL(2n + 1,H))(H−#P [1, i − 1, 2n − i + 1, 0])-maps are defined as in 4.44,
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is a basis for the two-dimensional space H−#P [1, i − 1, 2n − i + 1, 0] and that
ddf−L[1,2n] = ddf−L[i−1,2n−i+2]+ddf−L[i,2n−i+1]. This shows that d
2 has rank n−1.
In the even case of GL(2n,H) the cochain complex (4.33) takes the form
0→ [H−]×[H+] d
1
−→
∏
1≤i≤n
[H−#L[i, 2n−i]]×
∏
1≤i≤[n/2]
[H+#L[i, n−i]]×[V0] d
2
−→
∏
|E|=24
[E]
6.23. Proposition. The automorphism groups of the low-degree nontoral ob-
jects of the Quillen category A(PGL(2n,H)) are:
A(PGL(2n,H))(H+) = O
+(2,F2) A(PGL(2n,H))(H+#V ) =
(
O+(2,F2) ∗
0 A(GL(n,H))(V )
)
A(PGL(2n,H))(V0) ∼= Sp(2,F2) A(PGL(2n,H))(V0#L[i, n− i]) ∼=
(
Sp(2,F2) ∗
0 1
)
and dimF2 [H+] = 2, dimF2 [H+#L[i, n−i]] = 3, dimF2 [V0] = 4, and dimF2 [V0#L[i, n−
i] = 5 as described in 4.34, 4.39, and 4.37, and 4.44.
Proof. The Quillen automorphism groups of the dihedral group 21+2+ and the
generalized extraspecial group 4 ◦ 21+2± are the full outer automorphism groups
because the traces are nonzero only on the derived groups which are characteristic.
The images in GL(H+), respectively, GL(V0), isomorphic to O
+(2,F2) ∼= C2 and to
Sp(2,F2) = GL(2,F2), are the Quillen automorphism groups for H+ and V0. For
the middle formula, recall that the trace of H±#V is the product of the traces. 
As in the real case (Chp 4) we get that d1 embeds [H−]× [H+] into [V0]. The
only problem is to show that the rank of d2 is ≥ n+3[n/2]+ 4− 3 = n+3[n/2]+ 1.
We have to show that
dim(im d2) ≥ n+ 3[n/2] + 1
We show this by mapping the n+ [n/2] + 1 nontoral rank three objects (6.17),
• [H−#L[i, 2n− i]], 1 ≤ i ≤ n, with basis {df} as in (4.42),
• [H+#L[i, n− i]], 1 ≤ i ≤ [n/2], with basis {df+, df0, f0} as in (4.40), and
• [V0] with basis {df+, df0, df−, f0} as in (4.38)
into the (n− 2) + [n/2] nontoral rank four objects (6.18)
• H−#P [1, i−1, 2n+1−i], 2 < i ≤ n, with basis {ddf−L[i−1,2n+1−i], ddf−L[i,2n−i]}
where these maps are defined as the similar maps in (4.44),
• V0#L[i, n− i], 1 ≤ i ≤ [n/2], with basis
{ddf+L[i,n−i], ddf0L[i,n−i], df0L[i,n−i], ddf−L[2i,2n−2i], df0V0}
as in (4.44)
Computations with magma shows that the resulting (n+3[n/2]+4)×(2n+5[n/2])-
matrix has rank n+ 3[n/2] + 1. The matrix has the form (shown here for n = 5)
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[H−#P [1, 2, 7]] [H−#P [1, 3, 6]] [H−#P [1, 4, 5]]
H−#L[1, 9]
(
1 1
) (
1 1
) (
1 1
)
H−#L[2, 8]
(
1 0
)
H−#L[3, 7]
(
0 1
) (
1 0
)
H−#L[4, 6]
(
0 1
) (
1 0
)
H−#L[5, 5]
(
0 1
)
H+#L[1, 4]
H+#L[2, 3]
V0
V0#L[1, 4] V0#L[2, 3]
H−#L[1, 9](
0 0 0 1 0
)
H−#L[2, 8]
H−#L[3, 7](
0 0 0 1 0
)
H−#L[4, 5]
H−#L[5, 5]
A H+#L[1, 4]
A H+#L[2, 3]
B B V0
where
A =

1 0 0 0 00 1 0 0 0
0 0 1 0 0

 , B =


1 0 0 0 0
0 1 0 0 0
0 0 0 1 0
0 0 0 0 1


CHAPTER 7
The exceptional 2-compact groups
We use the material of the previous chapters to (re)prove that the 2-compact
groups G2, DI(4) and F4 are uniquely N -determined.
1. The 2-compact group G2
BG2 is a rank two 2-compact group containing a rank three elementary abelian
2-group E3 ⊂ G2 such that A(G2)(E3) = GL(3,F2) [23, 6.1] [20, 5.3] and
H∗(BG2 : F2) ∼= H∗(BE3;F2)GL(3,F2) ∼= F2[c4, c6, c7]
realizes the mod 2 rank 3 Dickson algebra [36]. The Quillen category A(G2)) con-
tains exactly one isomorphism class of objects E1, E2, E3 of ranks 1, 2, 3 as Lannes
theory [32] implies that the inclusion functor A(E3,GL(3,F2)) → A(G2) is an
equivalence of categories. The centralizers of E1 ⊂ E2 ⊂ E3 are
SO(4) ⊃ T ⋊ 〈−E〉 ⊃ E3,
In all three cases, ZCG2(Ei) = Ei so that π2BZCG2 = 0 and π1BZCG2 = H
0(GL(3,F2)(−);E3).
Thus π1BZCG2 is an exact functor (2.69) with lim
0 π1BZCG2 = H
0(GL(3,F2);E3) =
0.
The Weyl W (G2) ⊂ GL(2,Z) ⊂ GL(2,Z2), of order 12, is generated by the two
matrices [4, VI.4.13] (−1 0
3 1
)
,
(
1 1
0 −1
)
and the maximal torus normalizer N(G2) is the semi-direct product of the maximal
torus and the Weyl group [10].
It is known that H0(W ; Tˇ )(G2) = 0, H
1(W ; Tˇ )(G2) = 0, and H
2(W ; Tˇ )(G2) =
0 [24, 26].
Proof of Theorem 1.4. The rank one centralizer, SL(4,R) = SL(2,C) ◦
SL(2,C), is uniquely N -determined (1.2). Condition 2.51.(2) is satisfied because
H1(W (X); Tˇ (X)) = 0 for X = G2, SL(4,R) [24], 2.51.(1) and 2.51.(3) because the
only rank two object in G2 is toral and its centralizer is a 2-compact toral group.
We noted above that the higher limits vanish. Now, 2.48 and 2.51 show that G2 is
uniquely N -determined.
We have Aut(G2) = W (G2)\NGL(2,Z2)(W (G2)) (2.17) as the extension class
e(G2) = 0 [10]. The exact sequence (2.8) can be used to calculate the automorphism
group. Using the description of the root system from [4, VI.4.13] with short root
α1 = ε1 − ε2 and long root α2 = 2ε− ε2 − ε3 generating the integral lattice in Z32
one finds that
NGL(2,Z2)(W (G2)) =
〈
Z×2 , A,W (G2)
〉
, A =
√−3
(
0 3
1 0
)
and therefore Aut(G2) = Z
×
2 /Z
× × C2 where the cyclic group of order two is gen-
erated by the exotic automorphism A interchanging the two roots. 
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2. The 2-compact group DI(4)
BDI(4) is a rank three 2-compact group containing a rank four elementary
abelian 2-group E4 ⊂ DI(4) such that A(DI(4))(E4) = GL(4,F2) and [16]
H∗(BDI(4);F2) ∼= H∗(BE4;F2)GL(4,F2) ∼= F2[c8, c12, c14, c15]
realizes the mod 2 rank 4 Dickson algebra. Lannes theory [32] implies that the
Quillen category A(DI(4)) is equivalent to A(GL(4,F2), E4) with exactly one el-
ementary abelian 2-group (isomorphism class), E1, . . . , E4, of each rank 1, . . . , 4.
The centralizers of the toral subgroups E1, E2, E3 and the nontoral subgrouop E4
are, respectively,
Spin(7) ⊃ SU(2)3/ 〈(−E,−E,−E)〉 ⊃ T ⋊ 〈−E〉 ⊃ E4
and ZCDI(4)(Ei) = Ei in all four cases so that the functor πjBZCDI(4) : A(GL(4,F2), E4)→
Ab is the 0-functor for j = 2 and equivalent to the functorH0(GL(4,F2)(−);E4) for
j = 1. This is an exact functor (2.69) and lim0 π1BZCDI(4) = H
0(GL(4,F2);E4) =
0.
As may be seen from [57], the Weyl group W (DI(4)) ⊂ GL(3,Z2) of order
2|GL(3,F2)| = 336 is generated by the matrices
1 0 02 −1 −1
0 0 1

 ,

1 0 00 0 1
2 −1 −1

 ,

−1 1 10 1 0
0 0 1

 ,

 −v 0 v2 + v−1 1 v
−2v 0 v


where v ∈ Z2 is the unique 2-adic integer with 2v2 − v + 1 = 0. The first
three matrices generate W (Spin(7)) [7, 3.9, 3.11]. Since W (DI(4)) is isomorphic
to GL(3,F2)× 〈−E〉,
Hn(W ; Tˇ )(DI(4)) =
⊕
2i≤n
Hn−2i(GL(3,F2);H
2i(〈−E〉 ; Tˇ ) =
⊕
2i≤n
Hn−2i(GL(3,F2); (Z/2)
3)
and, in particular,
H0(W ; Tˇ )(DI(4)) = 0, H1(W ; Tˇ )(DI(4)) = Z/2, H2(W ; Tˇ )(DI(4)) = Z/2
We may characterize the maximal torus normalizer short exact sequence for DI(4) as
the unique nonsplit extension of Tˇ byW (DI(4)); it is nonsplit because the restriction
to W (Spin(7)) ⊂W (DI(4)) is nonsplit [10].
We can not use 2.51 as it stands because condition (2) fails: The restriction
map
Z/2 = H1(W ; Tˇ )(DI(4))→ H1(W ; Tˇ )(Spin(7)) [24]= (Z/2)2
is not surjective. Note, however, that the proof of 2.51 goes through with only
insignificant changes if we replace hypotheses (1) and (2) by
(1 & 2) The centralizer of any toral (V, ν) ∈ Ob(A(X)≤t≤2) is uniquelyN -determined.
and leave the other conditions unchanged.
Proof of Theorem 1.5. Condition (1 & 2) is satisfied for DI(4) since the
connected 2-compact groups Spin(7) and SU(2)2/∆ are uniquelyN -determined (1.2,
1.3) and the general results of 2.§2. Since also the relevant higher limits vanish [16,
2.4], DI(4) is uniquely N -determined by 2.48 and 2.51. Since Outtr(W (DI(4))) is
trivial and Z(W (DI(4))) = 〈−E〉 has order two, Aut(DI(4)) can be read off from
2.17 and the short exact sequence (2.9). 
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3. The 2-compact group F4
BF4 is a rank four 2-compact group containing a rank five elementary abelian
2-group E5 ⊂ F4 such that [59, 2.1]
H∗(BF4;F2) ∼= H∗(BE5;F2)A(F4)(E5) ∼= F2[y4, y6, y7, y16, y24]
where the Quillen automorphism group is the parabolic subgroup
A(F4)(E5) =
(
GL(2,F2) ∗
0 GL(3,F2)
)
⊂ GL(5,F2)
of order 26|GL(2,F2)||GL(3,F2)|. The inclusion functor A(A(F4)(E5), E5) →
A(F4) is a category equivalence by Lannes theory [32]. Inspection of the list of cen-
tralizers of elementary abelian 2-groups in F4 [59, 3.2] shows that ZCF4(V ) = V
for each nontrivial V ⊂ E5 so that the functor π2BZCF4 = 0 and π1BZCF4 =
H0(A(F4)(E5)(−);E5). Thus π1BZCF4 is an exact functor (2.69) and lim0 π1BZCF4 =
H0(A(F4)(E5);E5) = 0.
It is known that H0(W ; Tˇ )(F4) = 0, H
1(W ; Tˇ )(F4) = 0, and H
2(W ; Tˇ )(F4) =
Z/2 [24, 26].
Proof of Theorem 1.6. Condition (1 & 2) is satisfied for F4 because cen-
tralizers of rank one objects [59, 3.2]
SU(2)× Sp(3)
Z/2
, Spin(9)
and centralizers of rank two objects [59, 3.2],
U(1)×U(3)
Z/2
⋊ Z/2,
Spin(4)× Spin(5)
Z/2
, Spin(8)
have uniquely N -determined centralizers. This follows from 2.§2 as the simple
factors are uniquely N -determined (1.2, 1.3). There are no nontoral elementary
abelian 2-group of rank two. There is a unique nontoral E3 of rank three and
a unique nontoral elementary abelian 2-group E4 of rank four and A(F4)(E3) =
GL(3,F2), A(F4)(E3) = 2
3 · GL(3,F2), CF4(E3) = (Z/2)2 × O(3), CF4(E4) =
(Z/2)3 × O(2) [59]. It follows that the relevant higher limits vanish, and since
there are no nontoral elementary abelian 2-groups of rank two, F4 is uniquely N -
determined by 2.48 and 2.51.
The automorphism group of the 2-compact group F4 is (2.17) the middle term
of the exact sequence (2.9). ( All automorphisms of F4 preserve the extension class
e(F4) which is the nontrivial element of H
2(W ; Tˇ ) = Z/2 [10, 34].) The group
Outtr(W (F4)) of trace preserving outer automorphisms is cyclic of order two but
the nontrivial outer automorphism of W (F4) can not be realized as conjugating
with an element of NGL(L)(W ). The center of W (F4) is C2 = 〈−E〉. We conclude
that Aut(F4) = Z
×\Z×2 consists entirely of unstable Adams operations. 
4. The E-family
We consider the 2-compact groups E6, PE7, and E8.
Proof of Theorem 1.7. According to [23], the Lie group E6 contains two
conjugacy classes of elements of order two, 2A and 2B. Their centralizers are
CE6(2A) = SU(2)◦SU(6) and CE6(2B) has shape T1D5. There is a unique maximal
nontoral elementary abelian 2-group E5 ⊂ F4 ⊂ E6. It follows that E6 contains a
unique nontoral rank three elementary abelian 2-group E3 and a a unique nontoral
rank four elementary abelian 2-group E4 with automorphism groups A(E6)(E3) =
A(F4)(E3) = GL(3,F2) and A(E6)(E4) ⊃ A(F4)(E4) = 23 · GL(3,F2). We may
compute the centralizer of E3, CE6(E3) = E3×SU(3), as the centralizer of rank two
elementary abelian 2-group in CE6(2A). Consequently, the centralizer CE6(E4) =
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E3 × CSU(3)(Z/2) = E3 × U(2). Using Oliver’s cochain complex we see that the
relevant higher limits vanish. We verify the first two conditions of 2.51 by using 2.54.
Since H1(W ; Tˇ )(E6) = 0 [35] we need to show that the limit from 2.54 is trivial.
This is a machine computation in the toral subcategory of E6. There are two toral
subgroups of rank one (as already mentioned), both with H1(W0; Tˇ ) = Z/2, and
four toral subgroups of rank two; two of these are pure and two are nonpure. By
considering the two nonpure elementary abelian 2-groups of rank two, we see that
the limit is indeed trivial. Since also there are no rank two nontoral elementary
abelian 2-groups, it follows from 2.51, that E6 is N -determined. It has π∗(N)-
determined automorphisms by 2.48.
According to [23], the Lie group PE7 contains three conjugacy classes of ele-
ments of order two with centralizers CPE7(2B) = SL(2,C)◦SL(12,R), CPE7(4A) =
(GL(1,C) ◦ E6) ⋊ Z/2, and CPE7(4H) = SL(8,C)/〈i〉 ⋊ Z/2. We verify the first
two conditions of 2.51 by using 2.54. Since H1(W ; Tˇ )(PE7) = 0 [35] we need to
show that the limit from 2.54 is trivial. This is a machine computation in the
toral subcategory of PE7. We have H
1(W0; Tˇ ) = Z/2 for each of the centralizers
just mentioned. There is a unique rank two toral object E2 ⊂ PE7 containing
all three conjugacy classes 2B, 4A, 4H . The centralizer of E2 has shape T1A1A5
and H1(W0; Tˇ ) = (Z/2)
3. By mapping the three rank one objects into this sin-
gle rank two object, we see that the limit is indeed trivial. Still according to
[23], there are three nontoral rnak two elementary abelian 2-groups. One is 2A-
pure, has centralizer (Z/2)2 × PSL(8,R) and automorphism group A(PE7)(E2) =
GL(2,F2), one is nonpure, has centralizer (Z/2)
2 × PGL(4,H) and automorphism
group A(PE7)(E2) = C2, and the third one is 4H-pure, has centralizer (Z/2)
2×F4
and automorphism group A(PE7)(E2) = GL(2,F3). We use 2.63 to verify the
third condition of 2.51. It turns out that W (PE7) contains two elements, v1 and
v2, of order two with +1-eigenspace of dimension four. The image of CW (PE7)(v1)
in GL(π1(T
v1 ⊗Q) = GL(4,Q) has order 25 · 31 while in case of v2 we get an image
of order 27 · 32. We conclude that if E2 ⊂ N(PE7) is preferred lift of the nonpure
nontoral rank two object, then the image in W (PE7) is v1. This observation can
be used in connection with 2.63 to verify the third condition of 2.51. It remains to
be seen that the relevant higher limits vanish. This is a computation with Oliver’s
cochain complex very similar to the ones alredy seen. We omit the details. Now
2.48 and 2.51 imply that PE7 is uniquely N -determined.
The proof for the 2-compact group E8 is similar to the proof for E6 since there
are no nontoral rank two elementary abelian 2-groups in the simply connected Lie
group E8. 
CHAPTER 8
Proofs of the main theorems
This chapter contains the proofs the main results stated in the Introduction.
1. Proof of Theorem 1.2
We show that PGL(n + 1,C) is uniquely N -determined by induction over n.
The induction step is provided by Lemma 8.1 and the start of the induction by
Proposition 8.2.
8.1. Lemma. Suppose that PGL(r + 1,C) is uniquely N -determined for all
0 ≤ r < n. Then PGL(n + 1,C), n ≥ 1, satisfies conditions 2.48.( 1) (for π∗(N)-
determined automorphisms), 2.51.( 1), 2.51.( 2), and 2.51.( 3).
Proof. Condition (1) of 2.48 (for π∗(N)-determined automorphisms) is con-
cerned with centralizers CPGL(n+1,C)(L, λ) of rank one objects (3.5). The condition
is satisfied for all connected rank one centralizers by the induction hypothesis and
2.42, 2.39. The condition is satisfied for the nonconnected rank one centralizer
(when n + 1 is even) by 2.35 since H1(C2;Z/2
∞) = 0 for the nontrivial action of
the cyclic group C2 of order two on Z/2
∞.
We use 2.54 to verify conditions (1) and (2) of 2.51. Let (V, ν) be a toral elemen-
tary abelian 2-subgroup of PGL(n+1,C) of rank≤ 2 and C(ν) = CPGL(n+1,C)(ν) its
centralizer. We have seen that C(ν) is LHS (§2) and that Zˇ(C(ν)0) = Zˇ(N0(C(ν)))
as C(ν)0 does not contain a direct factor isomorphic to GL(2,C)/GL(1,C) = SO(3)
(2.32, (3.5)). The identity component C(ν)0 has π∗(N)-determined automorphisms
according to 2.38 and 2.39, and C(ν) has N -determined automorphisms by 2.35.
The identity component C(ν)0 is N -determined according to 2.42 and 2.43, and
C(ν) is N -determined by 2.40. Thus C(ν) is LHS and totally N -determined.
The functor H1(W/W0; Tˇ
W
0 ) is zero on A(PGL(n+1,C))
≤t
≤2 except on the ob-
ject (V, ν) = (i0, i0, i0, i0), when n + 1 = 4i0, where it has value Z/2. However,
this object has Quillen automorphism group GL(V ) and since the only GL(V )-
equivariant homomorphism St(V ) = V → Z/2 is the trivial homomorphism, lim1(A(PGL(n+
1,C))≤t≤2;H
1(W/W0; Tˇ
W
0 )) = 0 follows from Oliver’s cochain complex [53].
We now turn to condition (3) of 2.51. When n + 1 is odd there are no non-
toral rank two objects (3.3) and so there is nothing to prove. When n + 1 = 2m
is even, let (H, ν) be the unique nontoral rank two object of A(PGL(2m,C))
(3.17.(1)). Let X ′ be a connected 2-compact group with maximal torus normalizer
j′ : N(PGL(2m,C)→ X ′. We must show that ν′L and fν,L : CPGL(2m,C)(H, ν)→ CX′(H, ν′L)
as defined in 2.51.(3) are independent of the choice of rank one subgroup L ⊂ V .
When m = 1, the claim follows from 2.59, 2.60, 2.62 (where ν(V ) and ν′(V ) are
isomorphisms in this case) since PGL(2,C) does contain a unique rank one ele-
mentary abelian 2-group with nonconnected centralizer (3.9) and a unique nontoral
rank two elementary abelian 2-group (3.17.(1)). When m > 1, we use 2.63 which
immediately yields that ν′L is independent of the choice of L < V . There exists a
torus Tν → CN (V, νNL ) as in 2.63.(2) because the three preferred lifts νNL , L < V ,
differ by an automorphism of H (the Quillen automorphism group of (H, ν) is the
full automorphism group Aut(H) of H (3.17.(1))). Since the identity component of
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CPGL(n+1,C)(H, ν) is uniquely N -determined by induction hypothesis, the restric-
tion (fν,L)0 of fν,L to the identity components is independent of the choice of L
(2.15.(2)). Also π0(fν,L) is independent of the choice of L < V by 2.62 (where
π0(ν(V )) and π0(ν
′(V )) are isomorphisms). But since PGL(m,C) is centerfree fν,L
is in fact determined (use one half of [42, 5.2]) by (fν,L)0 and π0(fν,L). We conclude
that fν,L is independent of the choice of L < V .

8.2. Proposition. The 2-compact group PGL(2,C) is uniquely N -determined.
Proof. The centralizer cofunctor CPGL(2,C) takes the Quillen category of PGL(2,C),
consisting (3.9, 3.17) of one toral line, L, and one nontoral plane, H ,
(8.3) L //H GL(H)bb
to the diagram
(8.4) GL(1,C)2/GL(1,C)⋊ C2 H GL(H)
op
bb
oo
of uniquely N -determined 2-compact groups. The 2-compact toral group to the
left is uniquely N -determined because (2.41) H1(C2;Z/2
∞) = 0 for the nontrivial
action of C2 on Z/2
∞. The center cofunctor takes this diagram back to the starting
point (8.3) for which the higher limits vanish (2.69). PGL(2,C) is thus uniquely
N -determined by 2.48 and 2.51. 
Proof of Theorem 1.2. The proof is by induction over n ≥ 1. The start of
the induction is provided by 8.2. The induction step is provided by 8.1 and 3.18
using 2.48 and 2.51.
According to 2.17, the automorphism group
Aut(PGL(n+ 1,C)) =W\NGL(L)(W ) =W\
〈
Z×2 ,W
〉
= Z(W )\Z×2
is isomorphic to Z×\Z×2 for n = 1 and to Z×2 for n > 1. Here we use [39] or the exact
sequence (2.9) where we note that Outtr(W ), is trivial for all n ≥ 1; Out(Σn+1) is
trivial for all n 6= 5 [28, II.5.5] and the nontrivial outer automorphism of Σ6 does
not preserve trace. 
Proof of Corollary 1.8. Let X = GL(n,C), n ≥ 1, and write Tˇ , W and
L for Tˇ (X), W (X), and L(X). Since the adjoint form PX = PGL(n,C) of X
is uniquely N -determined (1.2), so is X (2.38, 2.42). The extension class e(X) ∈
H2(W ; Tˇ ) (§2.4) is the zero class since the maximal torus normalizer N(X) =
GL(1,C) ≀ Σn splits. Therefore, Aut(X) is isomorphic to W\NGL(L)(W ) (2.17).
Using the exact sequence (2.9), we conclude, as in the proof of Theorem 1.2, that
Aut(X) ∼= Z(W )\AutZ2W (L) = Z(W )\AutZ2Σn(Zn2 ). 
2. Proof of Theorem 1.3
The proof of Theorem 1.3 uses induction over n simultaneously applied to the
three infinite families PSL(2n,R), SL(2n+ 1,R), and PGL(n,H).
Proof of Theorem 1.3. The statement of the theorem means (2.11) that the
2-compact groups
• PSL(2n,R), SL(2n+1,R), and PGL(n,H) have π∗(N)-determined auto-
morphisms,
• PSL(2n,R), SL(2n+ 1,R), and PGL(n,H) are N -determined.
We may inductively assume that the connected 2-compact groups PSL(2i,R), 1 ≤
i ≤ n− 1, SL(2i+ 1,R), 1 ≤ i < n− 1, and PGL(i,H), 1 ≤ i < n, are uniquely N -
determined. From Theorem 1.2 we know that PGL(i,C) is uniquely N -determined
for all i ≥ 1. The plan is now to use 2.48 and 2.51 inductively.
Consider first the connected, centerless 2-compact group PSL(2n,R).
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PSL(2n,R) has N -determined automorphisms: According to 2.48 it suffices to show
that
(1) CPSL(2n,R)(L) has N -determined automorphism for any rank one elemen-
tary abelian 2-group L ⊂ PSL(2n,R).
(2) lim1(A(PSL(2n,R)), π1BZCPSL(2n,R)) = 0 = lim
2(A(PSL(2n,R)), π2BZCPSL(2n,R)).
Item (2) is proved in 4.32. The centralizers that occur in item (1) are listed in
(4.14) and (4.15). That the centralizers of (4.14) haveN -determined automorphisms
follows, under the induction hypothesis that the 2-compact groups PSL(2i,R), 1 ≤
i ≤ n − 1, have N -determined automorphisms, from general hereditary properties
of N -determined 2-compact groups (§2). Note here that Zˇ(C0) = Tˇ (C0)W (C0)
for C = CPSL(2n,R)(L) by [35, 1.6]. Similarly, the centralizers of (4.15) have N -
determined automorphisms because the 2-compact groups PGL(n,C), 1 ≤ n <∞,
have N -determined automorphisms (1.2).
PSL(2n,R) is N -determined: We verify the four conditions of 2.51. Let V ⊂
PSL(2n,R) be a toral elementary abelian 2-group of rank at most 2. The cen-
tralizer C = CPSL(2n,R)(V ) is one of the 2-compact groups listed in (4.14), (4.16),
(4.15), or (4.17), so it is LHS (4.19). The identity component C0 of C satisfies the
equation Zˇ(C0) = Tˇ (C0)
W (C0) [35, 1.6] and the adjoint form
PC0 =


PSL(2i0,R)× PSL(2i1,R) i0 + i1 = n
PSL(2i0,R)× PSL(2i1,R)× PSL(2i2,R)× PSL(2i3,R) i0 + i1 + i2 + i3 = n
PGL(n,C)
PGL(i0,C)× PGL(i1,C) i0 + i1 = n
in these four cases. The induction hypothesis and the general results of §2 imply that
C0 is uniquely N -determined and that C is totally N -determined. Since also the
homomorphismH1(W ; Tˇ )։ lim1(A(PSL(2n,R))≤t≤2;H
1(W0; Tˇ )
W/W0 ) is surjective
(4.§3), we get from 2.54 that the first two conditions of 2.51 are satisfied. The third
condition has been verified in 4.§4 and the fourth, and final, condition in 4.32.
PSL(2n,R) has π∗(N)-determined automorphisms: This means that the only au-
tomorphism of PSL(2n,R) that restricts to the identity on the maximal torus is
the identity, ie that
H1(W ; Tˇ )(PSL(2n,R)) ∩ AM(Aut(PSL(2n,R))) = {0}
where AM is the Adams–Mahmud homomorphism (§2.4). For n > 4,H1(W ; Tˇ )(PSL(2n,R)) =
0, and there is nothing to prove. Consider the case n = 4. Let f be an automor-
phism of PSL(8,R) such that AM(f) ∈ H1(W ; Tˇ ). Let L ⊂ PSL(8,R) be any rank
one elementary abelian 2-group. Since f is the identity on the maximal torus, f(L)
is conjugate to L so that f restricts to an automorphism of CPSL(8,R)(L) and to an
automorphism of the identity component of CPSL(8,R)(L). Since CPSL(8,R)(L)0 has
π∗(N)-determined automorphisms by 2.38 and 2.39, f ∈ H1(W ; Tˇ )(PSL(2n,R)) re-
stricts to 0 in H1(W ; Tˇ )(CPSL(8,R)(L)0). However, the restriction map is injective
(see the proof of 4.20) so that f = 0. This shows that PSL(8,R) has π∗(N)-
determined automorphisms.
Consider next the 2-compact group SL(2m+ 1,R) where m = n− 1.
SL(2m+ 1,R) has N -determined automorphisms: We verify the conditions of 2.48.
Let L ⊂ SL(2m + 1,R) be an elementary abelian 2-group of rank 1. The central-
izer C = CSL(2m+1,R)(L) is given in (5.3). According to §2, C has N -determined
automorphisms. (Use the natural splitting of (5.11) in connection with 2.35.) See
5.8 for the vanishing of the higher limits.
SL(2m+ 1,R) is N -determined: Conditions (1) and (2) of 2.51 are verified in 5.§2,
condition (3) in 5.§3, and condition (4) in 5.8.
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SL(2m+ 1,R) has π∗(N)-determined automorphisms: To prove this, it suffices to
find a rank one elementary abelian 2-groupL ⊂ SL(2m+1,R) such that CSL(2m+1,R)(L)0
has π∗(N)-determined automorphisms and such that CSL(2m+1,R)(L)0 → SL(2m+
1,R) induces a monomorphism on H1(W ; Tˇ ). Such a line is provided by L =
L[2m−1, 2] with centralizer identity component CSL(2m+1,R)(L)0 = SL(2m−1,R)×
SL(2,R); see the proof of 5.15.
Consider finally the 2-compact group PGL(n,H) for n ≥ 3.
PGL(n,H) has N -determined automorphisms: We verify the conditions of 2.48.
Let L ⊂ PGL(n,H) be an elementary abelian 2-group of rank 1. The centralizer
C = CPGL(n,H)(L) is given in (6.2) and (6.3). According to the general results of
§2, C has N -determined automorphisms and according to 6.19 the higher limits
vanish.
PGL(n,H) is N -determined: Note that PGL(3,H) satisfies condition (1 & 2) of
7.§2 so that we may apply the same variant of 2.51 used for DI(4) (7.§2). When
n > 3, conditions (1) and (2) of 2.51 follow if we can verify that the conditions of
2.54 are satisfied. That the centralizer CPGL(n,H)(V ) (6.2, 6.3, 6.4, 6.5), where V is
an elementary abelian 2-group of rank at most two, satisfies the conditions of 2.54
is a consequence of the general results of §2 and 6.9, 6.11. See 6.12 and 6.14 for
condition (3) and 6.19 for condition (4) of 2.51.
PGL(n,H) has π∗(N)-determined automorphisms: We only need to consider the
cases n = 3 and n = 4 as H1(W ; Tˇ )(PGL(n,H)) = 0 for n > 4 [24]. In those
two cases, it suffices, as above, to find a rank one elementary abelian 2-group L ⊂
PGL(n,H) such that CPGL(n,H)(L)0 has π∗(N)-determined automorphisms and
such that CPGL(n,H))(L)0 → PGL(n,H) induces a monomorphism on H1(W ; Tˇ ).
Such a line is provided by L = I for which CPGL(n,H)(I)0 = GL(n,C)/ 〈−E〉 (6.3).
Since PSL(2n,R), n ≥ 4, is uniquely N -determined and has a split maximal
torus normalizer, its automorphism group is isomorphic to W\NGL(L)(W ) by 2.17.
When n = 4, the group, Outtr(W ), to the right in the exact sequence (2.9) is the
permutation group Σ3. There are Lie group outer automorphisms inducing Σ3.
When n > 4,
Aut(PSL(2n,R)) ∼=W\NGL(L)(W ) =W\ 〈Z∗2,W (PGL(2n,R))〉 =W\
〈
Z×2 ,W, c1
〉
= (W ∩ 〈Z×2 , c1〉)\ 〈Z×2 , c1〉 =
{
〈−c1〉 \
〈
Z×2 , c1
〉
= Z×2 n odd
〈−1〉 \ 〈Z×2 , c1〉 = Z×\Z×2 × 〈c1〉 n even
Similarly,
Aut(SL(2n+ 1,R)) ∼=W\NGL(L)(W ) =W\
〈
Z×2 ,W
〉
= (W ∩ Z×2 )\Z×2 = Z×\Z×2
for n ≥ 2 by 2.17.
The automorphism group Aut(PGL(n,H)), n ≥ 3, is (2.17) contained inW\NGL(L)(W ) ∼=
Z×\Z×2 . Since H2(W ; Tˇ ) is an elementary abelian 2-group [34], it is isomorphic
to the second cohomology group H2(W ; t(PGL(n,H))) with coefficient module
t(PGL(n,H)), the maximal elementary abelian 2-group in the maximal torus. The
unstable Adams operations with index in Z×2 act trivially here since they act as
coefficient group automorphisms. Thus all elements of W\NGL(L)(W ) preserve the
extension class e ∈ H2(W ; Tˇ ) and we conclude that Aut(PGL(n,H)) ∼= Z×\Z×2 . 
Proof of Corollary 1.9. Note first that GL(n,R) is LHS for all n ≥ 1.
If n is odd, GL(n,R) = SL(n,R) × 〈−E〉 is LHS because its Weyl group is the
direct product of the Weyl group of the identity component with the component
group. If n is even, see 2.29.(5). According to 2.35 and 2.40, GL(n,R) is totally
N -determined.
If n is odd, the identity component has trivial center, so that Aut(GL(n,R)) =
Aut(SL(n,R)) = Z×\Z×2 by the short exact sequence [42, 5.2].
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Suppose next that n = 2m is even. Whenm = 1, Aut(GL(2,R)) = Aut(Z/2,Z/2∞, 0) =
Aut(Z/2∞) = Z×2 according to (2.6). When m > 1, H
1(π; Zˇ(SL(2m,R))) =
H1(π; 〈−E〉) is the order two subgroup 〈δ〉 of Aut(GL(2m,R)) generated by the
group isomorphism δ(A) = (detA)A, A ∈ GL(2m,R), andH1(W ; Tˇ ) = Hom(Wab, 〈−E〉) =
Z/2× Z/2 (for m > 2) [24, 34] is the middle group of an exact sequence
0→ H1(π; 〈−E〉)→ H1(W ; Tˇ )→ H1(W0; Tˇ )→ 0
because GL(2m,R) is LHS. (Form = 2,H1(W0; Tˇ ) = 0 andH
1(π; Zˇ(SL(2m,R))) =
Z/2, though.) In the exact sequence (2.6) for the automorphism group of N =
N(GL(2m,R)) = N(SL(2m+1,R)), the group on the right hand side is Aut(W, Tˇ , 0) =〈
W,Z×2
〉
as for SL(2m + 1,R). Thus Aut(N) is generated by H1(W ; Tˇ ), W , and
Z×2 so that Aut(N,N0) = Aut(N) as W0 is normal in W . Note that these three
subgroups of Aut(N,N0) commute because of the special form of the elements of
H1(W ; Tˇ ) = Hom(Wab, 〈−E〉). Hence
Aut(N,N0)
W0
=
〈
H1(W ; Tˇ ),W,Z×2
〉
W0
=
〈
H1(W ; Tˇ ),W0, c1,Z
×
2
〉
W0
=
〈
H1(W ; Tˇ ), c1,Z
×
2
〉
W0 ∩
〈
H1(W ; Tˇ ), c1,Z
×
2
〉
=


〈H1(W ;Tˇ ),c1,Z×2 〉
〈−c1〉
= H1(W ; Tˇ )× Z×2 m odd
〈H1(W ;Tˇ ),c1,Z×2 〉
〈−1〉 = H
1(W ; Tˇ )× 〈c1〉 × Z×\Z×2 m even
According to 2.18, the automorphism group Aut(GL(2m,R)) is a subgroup of the
above group and
Aut(GL(2m,R)) =
{
〈δ〉 × Z×2 m odd
〈δ〉 × 〈c1〉 × Z×\Z×2 m even
for m > 1. 
3. Proof of Theorem 1.1
At this stage we know that DI(4) and G, for any compact, connected simple,
centerless Lie group G, are uniquely N -determined when considered as 2-compact
groups.
Proof of Theorem 1.1. Let X be a connected 2-compact group. The split-
ting conjecture is true on the level of maximal torus normalizers [14, 1.12] in the
sense that N(X) = N(G) × N(DI(4))t. From 2.38, 2.39, 2.42, and 2.43 we know
that G × DI(4)t is uniquely N -determined. In particular, X and G × DI(4)t are
isomorphic. Let now X be any 2-compact group, not necessarily connected. The
remarks at the beginning of Section 2 in Chapter 2 show that the Hi-injectivity,
i = 1, 2, condition holds for X . Thus X has N -determined automorphisms by 2.35
and X is N -determined by 2.40 if we also assume that X is LHS (2.27). 

CHAPTER 9
Miscellaneous
This chapter contains standard facts used at various places in this paper.
1. Real representation theory
Real representations are semi-simple and determined by their characters [29,
2.11, 3.12.(c)]. Any simple real representation arises from a simple complex repre-
sentation in the following way: Let χ be the character of a simple complex repre-
sentation of a finite group G. Then [29, 13.1, 13.11, 13.12]
χ 6= χ, ε2(χ) = 0 : ψ = χ + χ is the character of a simple R-module of
complex type.
χ = χ, ε2(χ) = +1 : χ is the character of a simple R-module of real type.
χ = χ, ε2(χ) = −1 : ψ = 2χ is the character of simple R-module of quater-
nion type.
where ε2(χ) =
1
|G|
∑
g∈G χ(g
2).
9.1. Example. (1) The character table of the cyclic group C4 of order 4
C4 ε2 1 −1 i −i
χ1 + 1 1 1 1
χ2 + 1 1 −1 −1
χ3 0 1 −1 i −i
χ4 0 1 −1 −i i
shows that there are two linear real representations and one 2-dimensional sim-
ple real faithful representation of complex type with character ψ = χ3 + χ4 =
(2,−2, 0, 0).
(2) The character table of the dihedral group D8 = 2
1+2
+
D8 ε2 1 −1 R1 R2 i
χ1 + 1 1 1 1 1
χ2 + 1 1 −1 1 −1
χ3 + 1 1 1 −1 −1
χ4 + 1 1 −1 −1 1
χ5 + 2 −2 0 0 0
shows that there are four linear real representations and one 2-dimensional simple
real faithful representation of real type with character χ5 = (2,−2, 0, 0, 0).
(3) The character table of the quaternion group Q8 = 2
1+2
− (identical to the one for
D8 except for one value of ε2)
Q8 ε2 1 −1 k j i
χ1 + 1 1 1 1 1
χ2 + 1 1 −1 1 −1
χ3 + 1 1 1 −1 −1
χ4 + 1 1 −1 −1 1
χ5 − 2 −2 0 0 0
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shows that there are four linear real representations and one 4-dimensional sim-
ple real faithful representation of quaternion type with character ψ = 2χ5 =
(4,−4, 0, 0, 0).
We are interested in real oriented representations, i.e. homomorphisms of finite
groups into the special linear group SL(2n,R) (as opposed to homomorphisms into
the general linear group GL(2n,R)). The outer automorphism of SL(2n,R) is
conjugation by any orientation reversing matrix such as D = diag(−1, 1, . . . , 1).
9.2. Lemma. Let V ⊂ PSL(2n,R) be an object of A(PSL(2n,R)) and G =
V ∗ ⊂ SL(2n,R) its inverse image in SL(2n,R) as in 4.8. Then
V and V D are nonisomorphic objects of A(PSL(2n,R)) ⇐⇒ NGL(2n,R)(G) ⊂ SL(2n,R)
Proof. We note that
V , V D are isomorphic objects of A(PSL(2n,R)) ⇐⇒ G, GD are conjugate subgroups of SL(2n,R)
⇐⇒ G ∈ GDSL(2n,R)
⇐⇒ NGL(2n,R)(G) ∩DSL(2n,R) 6= ∅
⇐⇒ NGL(2n,R)(G) 6⊂ SL(2n,R)
for any nontrivial elementary abelian 2-group V ⊂ PSL(2n,R). 
For instance, all representations of elementary abelian p-groups are conjugate
in SL(2n,R) if and only if they are conjugate in GL(2n,R) - as in 4.12.
Let A(GL(2n,R))(G) be the subgroup of Out(G) consisting of all outer auto-
morphisms of G induced by conjugation with some element of GL(2n,R) [47, 5.8]
(ie A(GL(2n,R))(G) is the group Outtr(G) of all trace preserving outer automor-
phisms of G) and A(SL(2n,R))(G) the subgroup of Out(G) consisting of all outer
automorphisms of G induced by conjugation with some element of SL(2n,R). Since
(9.3) NGL(2n,R)(G)/GCGL(2n,R)(G)
∼=−→ A(GL(2n,R))(G)
we conclude from 9.2 that
G, GD are nonconjugate subgroups of SL(2n,R) ⇐⇒ NGL(2n,R)(G) ⊂ SL(2n,R)
⇐⇒
{
CGL(2n,R)(G) ⊂ SL(2n,R)
A(SL(2n,R))(G) = A(GL(2n,R))(G)
Let V and E be objects ofA(PSL(2n,R)) such that dimV +1 = dimE. If there
are morphisms V → E and V D → E, then (some representative of) E = 〈V, V D〉
is generated by the images of (some representatives of) V and V D so that E = ED.
Conversely, if E = ED and there is morphism V → E then there is also a morphism
V D → ED = E.
We have 2(φD) = 2φ ∈ Rep(G, SL(4n,R)) for any oriented real degree 2n
representation φ ∈ Rep(G, SL(2n,R)) as the conjugating matrix 2D is orientation
preserving.
9.4. Example. (1) Let G ⊂ SL(2d,R) be a finite group making R2d a simple
RG-module of complex type. Consider the image of G ⊂ SL(2nd,R) of G under
the n-fold diagonal SL(2d,R)
∆n−−→ SL(2dn,R). The centralizer CGL(2nd,R)(G) =
GL(n,C) is connected, hence contained in SL(2dn,R). Since CGL(2d,R)(G) =
GL(1,C), the elements of G commute with i ∈ GL(1,C) and we may factor the
inclusion of G into SL(2dn,R) as
G→ CGL(2d,R)(i) = GL(d,C) ∆n−−→ GL(dn,C)→ SL(2dn,R)
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Let χ be the character for G in GL(d,C) so that the character for G in GL(2d,R)
is χ+ χ. There are inclusions
A(GL(2dn,R))(G) A(GL(2d,R))(G) Outχ+χ(G)
A(SL(2dn,R))(G)
?
OO
A(GL(d,C))(G)?
_oo
?
OO
Outχ(G)
?
OO
where Outφ(G) is the group of all outer automorphisms that respect the function
φ.
(2) Let G ⊂ GL(d,R) be a finite group making Rd a simple RG-module of real
type. Consider the image of G ⊂ SL(2nd,R) of G under the 2n-fold diago-
nal GL(d,R)
∆2n−−−→ SL(2dn,R). The centralizer CGL(2nd,R)(G) = GL(2n,R) is
contained in SL(2dn,R) when d is even. We my factor the inclusion of G into
SL(2dn,R) as
G→ GL(d,R)→ GL(d,C) ∆n−−→ GL(nd,C)→ SL(2nd,R)
and as the trace functions for G in GL(d,C) and GL(2nd,R) are proportional
A(GL(2nd,R))(G) = A(GL(d,C))(G) ⊂ A(SL(2dn,R))(G). Hence G 6= GD in
SL(2nd,R).
(3) Let G ⊂ SL(4d,R) be a finite group making R4d a simple RG-module of
quaternion type. Consider the image of G ⊂ SL(4nd,R) of G under the n-fold
diagonal SL(4d,R)
∆n−−→ SL(4dn,R). The centralizer CGL(4dn,R)(G) = GL(n,H)
is connected so it is contained in SL(4dn,R). Since CGL(4d,R)(G) = GL(1,H) ⊂
GL(2,C) the elements of G commute with i ∈ GL(2,C) and we may factor the
inclusion of G into SL(4dn,R) as
G→ CGL(4d,R)(i) = GL(2d,C) ∆n−−→ GL(2nd,C)→ SL(4nd,R)
and as the trace functions for G in GL(2d,C) and GL(4nd,R) are proportional
A(GL(4nd,R))(G) = A(GL(2d,C))(G) ⊂ A(SL(4dn,R))(G). Hence G 6= GD in
SL(4nd,R).
(4) R2 is a simple RC4-module of complex type with respect to the group
C4 = 〈I〉 ⊂ SL(2,R), I =
(
0 −1
1 0
)
Consider the image of C4 in SL(2n,R) under the n-fold diagonal. The Quillen
automorphism group A(GL(2n,R))(C4) = A(GL(2,R))(C4) = Out(C4) since the
trace lives on ✵1(C4) = 〈−E〉 only. However,
A(SL(2n,R))(C4) =
{
Out(C4) n even
{1} n odd
so that C4 6= CD4 ⇐⇒ n even.
(5) R4 is a simple RG16-module of complex type with respect to the group
G16 = 4◦21+2± =
〈(
R 0
0 R
)
,
(
T 0
0 T
)
,
(
0 −E
E 0
)〉
⊂ SL(4,R), R =
(
1 0
0 −1
)
, T =
(
0 1
1 0
)
Consider the image of G16 in SL(4n,R) under the n-fold diagonal. The Quillen
automorphism group A(GL(4n,R))(G16) = A(GL(4,R))(G16) = Out(G16) ∼=
Out(C4)× Sp(2,F2) since the trace lives on the derived group [G16, G16] = 〈−E〉
only. In fact, A(GL(2,C))(G16) is the factor Sp(2,F2) and since the generator
of the factor Out(C4) is induced from conjugation with the matrix
(
0 E
E 0
)
of
SL(4,R), we see that alsoA(SL(4,R))(G16) ⊂ A(SL(4n,R))(G16) is the full outer
automorphism group of G16. Hence G16 6= GD16 in SL(4n,R).
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(6) R2 is a simple RG-module of real type with respect to the group
G = 21+2+ = 〈R, T 〉 ⊂ GL(2,R)
Consider the image of G in SL(4n,R) under the 2n-fold diagonal map. Then
G 6= GD in SL(4n,R).
(7) R4 is a simple RG-module of quaternion type with respect to the group
G = 21+2− =
〈(
0 −R
R 0
)
,
(
0 −T
T 0
)〉
⊂ SL(4,R)
Consider the image of G in SL(4n,R) under the n-fold diagonal map. Then
G 6= GD in SL(4n,R).
9.5. Representations of (generalized) extraspecial 2-groups. The ex-
traspecial 2-groups G = 21+2d± have [29, 7.5] 2
d linear characters (that vanish on
✵1(G) = G
′ = Z(G) = C2) and one simple complex character
χ(g) =
{
0 g 6∈ Z(G)
2dλ(g) g ∈ Z(G)
induced from the nontrivial linear character (group isomorphism) λ : Z(G)→ {±1}.
If G = 21+2d+ is of positive type, ε2(χ) = +1 and χα = χ for all α ∈ Out(G),
isomorphic toO+(2d, 2) [28, III.13.9.b]. This complex character is also the character
of the unique simple real representation G → GL(2d,R) which is of real type;
when d is even this representation actually takes values in SL(2d,R) but when d
is odd this representation is not oriented. The unique faithful real representation
G → GL(2 · 2d,R) with central ✵1 has character 2χ and it splits into two distinct
oriented real faithful representations ψ, ψD : G→ SL(2 · 2d,R) invariant under the
action of Out(G) (9.4.(2)).
If G = 21+2d− is of negative type, ε2(χ) = −1 and χα = χ for all α ∈ Out(G),
isomorphic to O−(2d, 2) [28, III.13.9.b)]. The unique simple real representation
G → GL(2 · 2d,R) with character 2χ is of quaternion type. It splits into two
distinct oriented representations ψ, ψD : G→ SL(2·2d,R) invariant under the action
of Out(G) (9.4.(3)).
The generalized extraspecial 2-group G = 4 ◦ 21+2d± has [29, 7.5] 21+d linear
characters (that vanish on ✵1(G) = G
′ = C2 ( Z(G) = C4) and two simple
complex characters
χ(g) =
{
0 g 6∈ Z(G)
2dλ(g) g ∈ Z(G)
induced from the two faithful linear characters λ : Z(G)→ 〈i〉 = C4. These two
degree 2d simple characters, χ and χ, are interchanged by the action of Out(G) =
Out(C4) × Sp(2d, 2) [22] (interchanged by the first factor Out(C4) and preserved
by the second factor Sp(2d, 2)). The unique simple real representation G→ GL(2 ·
2d,R) has character χ + χ and is of complex type as ε2(χ) = 0. It splits up into
two distinct oriented representations ψ, ψD : G→ SL(2 · 2d,R) invariant under the
action of Out(G) (9.4.(1)).
These irreducible faithful representations have easy explicit constructions that
we now explain.
Let E be a nontrivial elementary abelian 2-group of rank d ≥ 1 and R[E] its
real group algebra. For ζ ∈ E∨ = Hom(E,R×) and u ∈ v, let Rζ , Tu ∈ GL(R[E])
be the linear automorphisms given by Rζ(v) = ζ(v)v and Tu(v) = u + v for all
v ∈ E. The computation
RζTu(v) = Rζ(u · v) = ζ(u)ζ(v)(u · v) = ζ(u)Tu(ζ(v)v) = ζ(u)TuRζ(v)
shows that RζTu = ζ(u)TuRζ or, equivalently, [Rζ , Tu] = ζ(u).
1. REAL REPRESENTATION THEORY 105
The group 21+2d+ = 〈Rζ , Tu〉 ⊂ GL(R[E]) ⊂ GL(C[E])
τ⊂ SL(2d+1,R) is ex-
traspecial and the quadratic form on its abelianization 22d is given by
q(x1, . . . , xd, y1, . . . , yd) = x1y1 + · · ·+ xdyd
because
(Rx11 · · ·Rxdd T y11 · · ·T ydd )2 =
d∏
i=1
(Rxii T
yi
i )
2 =
d∏
i=1
(−E)xiyi
where T1, . . . , Td correspond to a basis of E, R1, . . . , Rd correspond to the dual
basis, and xi, yi ∈ {0, 1} = F2. This is the unique faithful complex representation
of degree 2d. It is also the character of a simple real representation G→ GL(2d,R),
even G→ SL(2d,R) when d is even, of real type.
The group 21+2d− = 〈R1, . . . , Rd−1, iRd, T1, . . . , Td−1, iTd〉 ⊂ GL(C[E])
τ⊂ SL(2d+1,R)
is extraspecial and the quadratic form on its abelianization 22d is given by
q(x1, . . . , xd, y1, . . . , yd) = x1y1 + · · ·+ xd−1yd−1 + x2d + xdyd + y2d
because
(Rx11 · · ·Rxd−1d−1 (iRd)xdT y11 · · ·T yd−1d−1 (iTd)yd)2 = (−E)x
2
d+y
2
d(Rx11 · · ·Rxdd T y11 · · ·T ydd )2
where xi, yi ∈ {0, 1} = F2. This is the unique faithful complex representation of
degree 2d.
The group 4 ◦ 21+2d± = 4 ◦ 21+2d+ = 〈i, Rζ , Tu〉 =
〈
21+2d+ , 2
1+2d
−
〉
= 4 ◦ 21+2d− ⊂
GL(C[E])
τ⊂ SL(2d+1,R) is generalized extraspecial with center C4 = 〈i〉, derived
group [4◦21+2d± , 4◦21+2d± ] = ✵1(4◦21+2d± ) = C2 ⊂ C4 = Z(4◦21+2d± ), and elementary
abelian abelianization 2× 22d. The quadratic form on its abelianization is given by
q(z, x1, . . . , xd, y1, . . . , yd) = z
2 +
d∑
i=1
xiyi
because
(izRx11 · · ·Rxdd T y11 · · ·T ydd )2 = (−E)z
2
d∏
i=1
(Rxii T
yi
i )
2 = (−E)z2(Rx11 · · ·Rxdd T y11 · · ·T ydd )2
where z, xi, yi ∈ {0, 1}. This representation and its conjugate are the two faithful
complex representation of degree 2d.
In the first two cases the associated symplectic inner product is
[(x1, . . . , xd, y1, . . . , yd), (x
′
1, . . . , x
′
d, y
′
1, . . . , y
′
d)] =
d∑
i=1
(xiy
′
i + x
′
iyi)
while it is
[(z, x1, . . . , xd, y1, . . . , yd), (z
′, x′1, . . . , x
′
d, y
′
1, . . . , y
′
d)] =
d∑
i=1
(xiy
′
i + x
′
iyi)
in the last case.
9.6. Tensor products of real representations. Suppose that Rm is an
RG-module with trace χ and Rn an RH module with trace ρ. Consider Rmn =
Rm ⊗Rn as an R(G×H)-module in the usual way where (g, h)(u⊗ v) = gu⊗ hv.
The trace of this representation is χ#ρ(g, h) = χ(g)ρ(h) and the determinant is
det(g, h) = (det g)n(det h)m. This means that if
• m and n are both even, or if
• m is even and Rm an oriented G-representation
then Rmn is a real oriented G×H-representation.
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9.7. EmbeddingGL(n,C) in SL(2n,R). Here are two embeddings τ : GL(n,C)→ GL+(2n,R)
with the property that tr(τ(A)) = tr(A) + tr(A) for all A ∈ GL(n,C).
If we write Cn = (R+ iR)n, then
GL(n,C) ∋ A+ iB τ−→
((
aij −bij
bij aij
))
1≤i,j≤n
∈ GL+(2n,R)
In particular, i ∈ GL(n,C) is sent to diag(I, · · · , I) ∈ SL(2n,R) and CSL(2n,R)(i)
consists of matrices with 2×2 blocks as above. For (2×2)-matrices this embedding
has the form
GL(2,C) ∋
(
a1 + ia2 b1 + ib2
c1 + ic2 d1 + id2
)
τ−→


(
a1 −a2
a2 a1
) (
b1 −b2
b2 b1
)
(
c1 −c2
c2 c1
) (
d1 −d2
d2 d1
)

 ∈ SL(4,R)
and with this convention the six subgroups of SL(4,R) isomorphic to D8, Q8,
G16 = 4 ◦ 21+2± are
D8 =
〈(
E 0
0 −E
)
,
(
0 E
E 0
)〉
, DD8 =
〈(
E 0
0 −E
)
,
(
0 −R
−R 0
)〉
Q8 =
〈(
I 0
0 −I
)
,
(
0 I
I 0
)〉
, QD8 =
〈(−I 0
0 −I
)
,
(
0 T
−T 0
)〉
G16 =
〈(
E 0
0 −E
)
,
(
0 E
E 0
)
,
(
I 0
0 I
)〉
, GD16 =
〈(
E 0
0 −E
)
,
(
0 −R
−R 0
)
,
(−I 0
0 I
)〉
If we write Cn = Rn + iRn then
GL(n,C) ∋ A+ iB τ−→
(
A −B
B A
)
∈ GL+(2n,R)
In particular, i ∈ GL(n,C) is sent to
(
0 −E
E 0
)
∈ SL(2n,R) and CSL(2n,R)(i)
consists of block matrices of the form as above. For (2×2)-matrices this embedding
has the form
GL(2,C) ∋
(
a1 + ia2 b1 + ib2
c1 + ic2 d1 + id2
)
τ−→


(
a1 b1
c1 d1
)
−
(
a2 b2
c2 d2
)
(
a2 b2
c2 d2
) (
a1 b1
c1 d1
)

 ∈ SL(4,R)
and with this convention the six subgroups of SL(4,R) isomorphic to D8, Q8,
G16 = 4 ◦ 21+2± are
D8 =
〈(
R 0
0 R
)
,
(
T 0
0 T
)〉
, DD8 =
〈(
R 0
0 R
)
,
(−T 0
0 T
)〉
Q8 =
〈(
0 −R
R 0
)
,
(
0 −T
T 0
)〉
, QD8 =
〈(
0 E
−E 0
)
,
(
0 −I
−I 0
)〉
G16 =
〈(
R 0
0 R
)
,
(
T 0
0 T
)
,
(
0 −E
E 0
)〉
, GD16 =
〈(
R 0
0 R
)
,
(−T 0
0 T
)
,
(
0 R
−R 0
)〉
2. Lie group theory
Some facts from Lie theory are collected here.
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9.8. Centerings. There are centerings [55]
L(pin(2n))
P−→ L(GL(2n,R)) Q−→ L(PGL(2n,R))
where
P (x1, x2, . . . , xn) = (2x1−x2−· · ·−xn, x2, . . . , xn), Q(x1, x2, . . . , xn) = (2x1, x1−x2, . . . , x1−xn)
The expression for P is worked out in [7, pp. 174–175]. The expression for Q follows
from the commutative diagram
T (GL(2n,R)) = U(1)n //
ϕ
++ ++WWWW
WWWW
WWWW
WWWW
WWWW
WWWW
W
U(1)n/ 〈(−1, . . . ,−1)〉 = T (PGL(2n,R)
∼=

U(1)n
where ϕ(z1, z2, . . . , zn) = (z
2
1 , z1z
−1
2 , . . . , z1z
−1
n ) is surjective with kernelC2 = 〈(−1, . . . ,−1)〉.
Since the action of the Weyl group C2 ≀Σn is known in L(GL(2n,R)), the two other
actions can be worked out as well. The action in L(pin(2n)) is P−1(C2 ≀ Σn)P and
the action in L(PGL(2n,R)) is Q(C2 ≀ Σn)Q−1. Here,
P−1(u1, u2, . . . , un) = (
1
2
(u1 + · · ·+ un), u2, . . . , un),
Q−1(u1, u2, . . . , un) = (
1
2
u1,
1
2
u1 − u2, . . . , 1
2
u1 − un)
are the inverses.
9.9. Centralizers in semi-direct products. Let G⋊W be the semi-direct
product for a group action of W on G. The following lemma is elementary.
9.10. Lemma. For any g ∈ G and w ∈W ,
CG⋊W (g, w) = {(h, v) | ∃w ∈ CW (w) : g(wh) = h(vg)},
CG⋊W (g) = {(h, v) ∈ G⋊W | vg = gh}, CG⋊W (w) = Gw ⋊ CW (w)
where Gw is the fixed point group for the action of w on G. If G is abelian then
CG⋊W (g) = G⋊W (g)
where W (g) = {w ∈ W | wg = g} is is the isotropy subgroup at g.
Let µ : V → Tˇ ⋊W be a group homomorphism of an elementary abelian 2-
group V into the semi-direct product of a discrete 2-compact torus Tˇ and a group
W . Write µ = (Tˇ (µ),W (µ)) for the two coordinates of µ. Then W (µ) : V →W
is a group homomorphism and Tˇ (µ) : V → Tˇ a crossed homomorphism into the V -
module V
W (µ)−−−→W → Aut(Tˇ ). Let H1(V ; Tˇ ) be the first cohomology group for this
V -module and [Tˇ (µ)] ∈ H1(V ; Tˇ ) the cohomology class represented by the crossed
homomorphism Tˇ (µ).
9.11. Lemma. There is a short exact sequence
0→ H0(V ; Tˇ )→ CTˇ⋊W (µ)→ CW (W (µ))[Tˇ (µ)] → 1
where CW (W (µ))[Tˇ (µ)] is the isotopy subgroup at [Tˇ (µ)] for the action of CW (W (µ))
on H1(V ; Tˇ ).
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Proof. We first determine the kernel of the homomorphism CTˇ⋊W (µ) →
CW (W (µ)). Let t ∈ Tˇ . Then
(t, 1) commutes with V ⇐⇒ ∀v ∈ V : (t, 1)(Tˇ (µ)(v),W (µ)(v)) = (Tˇ (µ)(v),W (µ)(v))(t, 1)
⇐⇒ ∀v ∈ V : t+ Tˇ (µ)(v) = Tˇ (µ)(v) +W (µ)(v)(t)
⇐⇒ ∀v ∈ V : W (µ)(v)t = t
⇐⇒ t ∈ H0(V ; Tˇ )
More generally, for any element (t, w) ∈ Tˇ ⋊W we have
(t, w) commutes with V ⇐⇒ ∀v ∈ V : (t, w)(Tˇ (µ)(v),W (µ)(v)) = (Tˇ (µ)(v),W (µ)(v))(t, w)
⇐⇒ ∀v ∈ V : s+ wTˇ (µ)(v) = Tˇ (µ)(v) +W (µ)(v)(t), wW (µ)(v) =W (µ)(v)w
⇐⇒ w ∈ CW (W (µ)) and ∀v ∈ V : (1 − w)Tˇ (µ)(v) = (1−W (µ)(v))t
⇐⇒ w ∈ CW (W (µ)) and ∀v ∈ V : wTˇ (µ)(v) = Tˇ (µ)(v) − (1−W (µ)(v))t
It follows that for w ∈ CW (W (µ)) we have
w ∈ im (CTˇ⋊W (µ)→ CW (W (µ))) ⇐⇒ ∃t ∈ Tˇ : (t, w) ∈ CTˇ⋊W (µ)
⇐⇒ w[Tˇ (µ)] = [Tˇ (µ)]
i.e. that w fixes the crossed homomorphism Tˇ (µ) up to a principal crossed homo-
morphism. 
9.12. Centers of semi-direct products. Let G⋊Σ be the semi-direct prod-
uct for the action Σ → Aut(G) of the group Σ on the group G. Let GΣ = {g ∈
G|Σg = g} and ΣG = {σ ∈ Σ|σ(g) = g for all g ∈ G}.
9.13. Lemma. The center Z(G⋊Σ) = GΣ×Aut(G)Z(Σ) of G⋊Σ is the pull-back
Z(G⋊ Σ) //

Z(Σ)

GΣ // Aut(G)
of the action map restricted to the center of Σ along the map GΣ → Aut(G) given
by inner automorphisms.
Proof. Suppose that (g, σ) ∈ G× Σ is in the center of G⋊ Σ. Since
(g, σ) · (1, τ) = (g, στ) = (1, τ) · (g, σ) = (τ(g), τσ)
for all τ ∈ Σ, g is fixed by Σ and σ is central in Σ. Moreover, from
(g, σ) · (h, 1) = (g · σ(h), σ) = (h, 1) · (g, σ) = (hg, σ)
we see that σ(h) = hg for all h ∈ G. 
9.14. Corollary. If the center of Σ acts faithfully on G through automor-
phisms that are not inner, then Z(G⋊Σ) = Z(G)Σ. If G is abelian, then Z(G⋊Σ) =
GΣ × Z(Σ)G is a direct product.
Proof. In the first case, the vertical map Z(Σ)→ Aut(G) is injective and its
image intersects trivially with the image of the horizontal map GΣ → Aut(G). So
the pull-back is GΣ ∩ Z(G) = Z(G)Σ. In the second case, the bottom horizontal
homomorphism GΣ → Aut(G) is trivial. 
9.15. Corollary. Let G be a group and Z 6= G a central subgroup. Let the
cyclic group Cp of prime order p act on G
p/Z by cyclic permutation. Then
Z(G)/Z × {z ∈ Z|zp = 1} ∼= Z(Gp/Z ⋊ Cp)
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via the isomorphism that takes the element z ∈ Z of order p to (1, z, . . . , zp−1)Z ∈
Gp/Z and is the diagonal on Z(G)/Z.
Proof. Observe that
G/Z × {z ∈ Z|zp = 1} ∼=−→ (Gp/Z)Cp
via the isomorphism that takes (gZ, z) to g(1, z, . . . , zp−1)Z. To see this, con-
sider an element (g1, . . . , gp)Z which is fixed by Cp. Then (g1, g2, . . . , gp)Z =
(gp, g1, . . . , gp−1)Z so there exists an element z ∈ Z so that g2 = g1z, g3 = g2z =
g1z
2, . . . , gp = g1z
p−1, g1 = g1z
p. Therefore, zp = 1 and (g1, g2, . . . , gp) = g1(1, z, . . . , z
p−1).
Thus Z(Gp/Z ⋊ Cp) is the pull back of the group homomorphisms
G/Z × {z ∈ Z|zp = 1} ϕ−→ Aut(Gp/Z)← Cp
where ϕ(gZ, z)((g1, . . . , gp)Z) = (g
g
1 , . . . , g
g
p)Z. Let ((gZ, z), σ) be an element of the
pull back. Assume that σ is non-trivial. Since p is a prime number, σ has no fixed
points. The equation
∀g1, . . . , gp ∈ G : (gg1 , . . . , ggp)Z = (gσ(1), . . . , gσ(p))Z
shows that gg1Z = gσ(1)Z. This is impossible unless σ is the identity since otherwise
we can find a g1 ∈ Z and a gσ(1) 6∈ Z. Thus the permutation σ must be the identity.
The requirement for ((gZ, z), 1) to be in the pull back is that
∀(g1, . . . , gp) ∈ Gp∃u ∈ Z : (gg1 , gg2 , . . . , ggp) = (g1u, g2u, . . . , gpu)
which implies that [g1, g] = u = [g2, g] for all g1, g2 ∈ G. If we take g1 = 1 to be the
identity, we see that g must be central. 
9.16. Centers of Lie groups and p-compact groups. Let Y be a compact
connected Lie group and ZY its center. Let BY denote the p-completed classifying
space of Y , ie the p-compact group associated to Y . Lie group multiplication
ZY × Y → Y induces a homotopy equivalence BZY → map(BY,BY )B1 [18, 1.4]
of the p-completed classifying space BZY to the the mapping space component
containing the identity map. We need a version that holds for nonconnected Lie
groups as well.
Let G be a possible nonconnected Lie group and ZG its center. Let BZG and
BG denote the Fp-localized classifying spaces of ZG and G, respectively. The space
map(BG,BG)B1 is the center of the p-compact group BG [18, 1.3].
9.17. Lemma. The map
BZG→ map(BG,BG)B1
induced by Lie group multiplication ZG×G→ G, is a weak homotopy equivalence.
Proof. Let Y be the identity component of G and π = G/Y the group of
components. Note that the group π acts on the center ZY of Y and that there is
an exact sequence of abelian groups
1→ H0(π;ZY )→ ZG→ Zπ → H1(π;ZY )
relating the centers ZY , ZG, and Zπ, of Y , G, and π. The abelian Lie group ZG,
a product of a torus and a finite abelian group, is described by the data
π1(ZG)⊗Q ∼= H0(π;π1(ZY )⊗Q)
1→ H0(π;π0(ZY ))×H1(π;π1(ZY ))→ π0(ZG)→ Zπ → H1(π;π0(ZY ))×H2(π;π1(ZY ))
where the second line is an exact sequence.
Similarly, there is a fibration of mapping spaces
map(BY,BY )hpi → map(BG,BG)→ map(BG,Bπ)
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where the fibre over BG
Bpi0−−−→ Bπ is the space map(BY,BY )hpi of self-maps of
BG over Bπ. If we restrict to a single component of the total space, we obtain a
fibration
map(BG,BG)B1 → map(BG,Bπ)Bpi0 ≃ map(Bπ,Bπ)B1
between path-connected spaces. The base space is BZπ. The fibre consists of some
path-components of map(BY,BY )hpiB1 = (BZY )
hpi, the space of self-maps of BG
over Bπ with restriction to BY homotopic to the identity map. We have
πi((BZY )
hpi) = H1−i(π;π0(ZY ))×H2−i(π;π1(ZY ))
because BZY = K(π0Y, 1)×K(π1Y, 2) is a product of Eilenberg–MacLane spaces
[37, 3.1] [18, 1.1]. It follows that map(BG,BG)B1 is an abelian [17, 3.5, 8.6]
p-compact toral group described by the data
π2((BZY )
hpi)⊗Q ∼= π2(map(BG,BG)B1)⊗Q
1→ π1((BZY )hpi)→ π1(map(BG,BG)B1)→ Zπ → π0((BZY )hpi)
where the second line is an exact sequence is an exact sequence.
Finally, the left commutative diagram of Lie groups
(ZY )pi ×G

// G B(ZY )pi //

(BZY )hpi

ZG×G

// G

///o/o/o/o BZG //

map(BG,BG)B1

Zπ × π // π BZπ // map(Bπ,Bπ)B1
induces the right commutative diagram of mapping space. Compairing the homo-
topy groups, we see that BZ(G) → map(BG,BG)B1 is weak homotopy equiva-
lence. 
9.18. Lemma. We have
Z
(
GL(i0,R)× · · ·GL(it,R)
〈−E〉
)
=
〈−E〉 × · · · × 〈−E〉
〈−E〉
∼= Ct2
Z
(
SL(n,R) ∩ (GL(i0,R)× · · ·GL(it,R))
〈−E〉
)
=
SL(n,R) ∩ (〈−E〉 × · · · × 〈−E〉)
〈−E〉
Z
(
GL(i0,H)× · · ·GL(it,H)
〈−E〉
)
=
〈−E〉 × · · · × 〈−E〉
〈−E〉
∼= Ct2
for all natural numbers i0, . . . , it > 0 with sum n (which, in the second line, is even).
Proof. (For the case where the field is R.) Put G = GL(i0,R)×· · ·GL(it,R).
There is [47, 5.11] a short exact sequence
1→ Z(G)/ 〈−E〉 → Z(G/ 〈−E〉)→ Hom(G, 〈−E〉)id → 1
where the group to the right consists of all homomorphisms φ : G→ 〈−E〉 such
that the map g → φ(g)g is conjugate to the identity of G. Let B ∈ GL(ij ,R) be
any matrix of positive trace. Then φ(E, . . . , E,B,E, . . . , E) = E since the map
g → φ(g)g preserves trace. It follows that φ(g) = E for all g ∈ G since φ is constant
on the 2t components of G. Thus the group to the right in the above short exact
sequence, Hom(G, 〈−E〉)id, is trivial.
Since
Z
(
SL(n,R) ∩
∏
GL(ij ,R)
) ⊂ C∏ GL(ij ,R)(∏ SL(ij ,R)) =∏ZGL(ij ,R)
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we see that Z
(
SL(n,R) ∩∏GL(ij ,R)) = SL(n,R) ∩∏ZGL(ij ,R). Suppose that
the homomorphism φ : SL(n,R) ∩∏GL(ij ,R)→ 〈−E〉 is such that the map g →
φ(g)g is conjugate to the identity. Let B1 ∈ GL(ij1 ,R) and B2 ∈ GL(ij2),R) be any
pair of matrices such that tr(B1)+tr(B2) > 0. Then φ(E, . . . , Bi1 , . . . , Bi2 , . . . , E) =
E by trace considerations. The short exact sequence from [47, 5.11], similar to
(9.16), now yields the formula of the second line.
The formula of the third line has a similar proof. 
It is not true in general that Z(G)/Z is the center of the quotient G/Z of the
Lie group G by the central subgroup Z.
9.19. Centralizers in quotients. Let G be a Lie group and Z ⊂ G a central
subgroup. Write N(G) for the normalizer of the maximal torus, T (G), and W =
W (G) = N(G)/T (G) for the Weyl group. Suppose that V ⊂ T (G)/Z is a toral
subgroup of the quotient Lie group G/Z and let V ∗ ⊂ T (G) ⊂ G be the preimage
of V in G.
There is an exact sequence
1→W (V ∗)→W (V )→ Hom(V ∗, Z)
relating the point-wise stabilizer subgroups for the action of the Weyl group W on
V ∗ and V . The image of homomorphism to the right consists of all ζ ∈ Hom(V ∗, Z)
for which the automorphism of V ∗ given by v∗ → ζ(v∗)v∗, v∗ ∈ V ∗, is of the form
v∗ → wv∗ for some Weyl group element w ∈ W .
Similarly, there is an exact sequence [47, 5.11]
1→ CG(V ∗)/Z → CG/Z(V )→ Hom(V ∗, Z)
relating the centraizers of V ∗ ⊂ G and G ⊂ G/Z. The image of homomorphism to
the right consists of all ζ ∈ Hom(V ∗, Z) for which the automorphism of V ∗ given
by v∗ → ζ(v∗)v∗, v∗ ∈ V ∗, is of the form v∗ → g−1v∗g for some g ∈ G.
9.20. Lemma. W (V )/W (V ∗) = CG/Z(V )/CG(V ).
Proof. Any automorphism of the toral subgroup V ∗ that is induced by con-
jugation with an element of G is in fact induced by conjugation with an element of
N(G) [7, IV.2.5] and hence agrees with the action of a Weyl group element. 
9.21. Action on centralizers in Lie case. Let ν : V → G be a monomor-
phism of a non-trivial elementary abelian p-group to a compact Lie group G. There
is a canonical map BCG(ν(V ))→ map(BV,BG)Bν from the classifying space of the
Lie theoretic centralizer of ν(V ) to the mapping space component containing Bν.
Write cg for conjugation with g ∈ G.
9.22. Lemma. Suppose that να = cgν for some element g ∈ G and some
automorphism α ∈ GL(V ). Then conjugation by g takes CG(ν(V )) to CG(cgν(V )) =
CG(να(V )) = CG(ν(V )) and the diagram
BCG(ν(V )) // map(BV,BG)Bν
(Bα)∗∼=

BCG(ν(V ))
Bcg ∼=
OO
// map(BV,BG)Bν
is homotopy commutative.
Proof. The commutative diagram of Lie group morphisms
V × CG(ν(V ))
α×cg

ν×1 // ν(V )× CG(ν(V )) mult // G
V × CG(ν(V )) ν×1 // ν(V )× CG(ν(V )) mult // G
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induces a commutative diagram
BV × BCG(ν(V ))
B(mult◦(ν×1))//
Bα×Bcg

BG
BV × BCG(ν(V ))
B(mult◦(ν×1))// BG
of classifying spaces. Taking adjoints, we obtain the homotopy commutative dia-
gram
BCG(ν(V )) // map(BV,BG)Bν
(Bα)∗

BCG(ν(V ))
Bcg
OO
// map(BV,BG)Bν
as claimed. 
9.23. Corollary. Suppose that µ : V → N(G) is a monomorphism and that
µα = cnµ for some α ∈ GL(V ) and n ∈ N(G). Then
w−1 = π2((Bα)
∗) : π2(BT (G))
pi0(µ)(V ) → π2(BT (G))pi0(µ)(V )
where w ∈ W (G) is the image of n ∈ N(G).
Proof. There is a commutative diagram
π2(BT ) π2(BN(G)) π2(BCN(G)(V, µ))?
_oo ∼= // π2(map(BV,BN),Bµ)
pi2((Bα)
∗)

π2(BT )
w
OO
π2(BN(G))
pi2(Bcn)
OO
π2(BCN(G)(V, µ))?
_oo ∼= //
pi2(Bcn)
OO
π2(map(BV,BN),Bµ)
where π2(BCN(G)(V, µ)) = π2(BT (G))
pi0(µ)(V ) denotes the fixed point group for
the group action π0(µ) : V →W (G) ⊆ Aut(π2(BT (G))). Since Bcn : BN → BN
is freely homotopic to the identity along the loop w ∈ π1(BN) its effect on the
Zp[π1(BN)]-module π2(BN) is multiplication by w. 
9.24. Low degree identifications. There are the following low degree iden-
tifications [7, pp. 61, 292] [34, above def 3.3]
Spin(3) = Sp(1) = SU(2), SO(3) = PSp(1) = PSU(2)
Spin(4) = Spin(3)× Spin(3) = SU(2)× SU(2), PSO(4) = SO(3)× SO(3)
Spin(5) = Sp(2), SO(5) = PSp(2)
Spin(6) = SU(4), PSO(6) = PSU(4)
(9.25)
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